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Contributions to the Study of the Réle of the Double Bond
in the Absorption Spectra of Organic Compounds

CHAPTER 1

Introduction

It is proposed in this thesis to carry out a systematic stady
of absorption spectra, in the visible and ultra-violet, of organic
compounds. It is intended to determine the nature of the groups
responsible for the absorption and to find some interpretation of
this complex problem.

The importance of unsaturation in sbsorption has been revea-
led rince the pioneer investigations. The strong absorption, in
the ultra-violet, of some unsaturated eompounds has been recor-
ded, in qualitative determinations, by Hartley and Huntington
(Phil. Trans. 1879, 170. 257), Hartley (J. C. S. 1881, 39, 153),
Magini (Nuov. Cim. 1903, 6, 343; J. Chim. Phys. 1904, 2, 410),
Stewart (J. C. S, 1907, 91, 199), ete.

In 1913, J. Bielecki and V. Henri determined the quantitative
absorption of altra-violet rays for some acids of the ethylenie
series (C. R. 1913, 157, 372). V. Henri and his collaborators
have made a systematic study of the sbsorption of organic eom-
pounds. The most important results are summed up in V. Hen-
ri’s «Ktudes de Photochimie» (1918).

Concerning the absorption of the ethylenic acids (C. R. loc.
cit.) Bielecki and Henri conclude: «La liaison éthylinigoe pro-
duit dans les acides une éxaltation de l'absorption des rayons
ultra-violets ; cette éxaltation est d’auntant plus intense que la
lisison double se trouve plus rapprochée du groupe carboxylen».

From the numerical results they conelode: «L'influence d’une
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liaison éthylénique ne peut pas étre exprimée par un coefficient
determiné qui interviendrait comme un terme additif dans la valeur
de la constante d’absorption; l'éxaltation produite par cette
liaison doit étre exprimée par un certain facteur qui fait varier
la valear de e dans un raport determiné... On peut énoncer
la loi générale: Lorsqu’on a un corps de formule A. B, C...
la constante d’absorption moleculaire e est égale & un pro-
duit e=a.b.c... «.f.y... dans lequel a,b,c,... sont des
facteurs correspondant aux differents groupements moléculai-
res A, B, C,... et, «,f3,7... sont des facteurs qui indiquent
les influences des liaisons, configurations et positions récipro-
ques de ces groupementss.

These results of Henri will not for the moment be discassed
farther, but the importance attributed to the ethylenic linkage
even in the earliest quantitative work must be emphasised.

Definitions and Fundamental Absorption Laws

Before proceeding to the exposition and eriticism of the diffe-
rent interpretations of absorption phenomena, let us consider
certain fandamental notions.

(1) Absorbing media are those in which the intensity of
the light diminishes when the path of light in these media
increases.

(2) Chromophores are groups capable of selective absorption

=0
in the region 1800-8000 A. e.g.: ~C=CZ .CO,C C,
! I
C C
=0~
— N=N —, ete.

(3) Awuxochromes are groups that do not in themselves
give rise to selective absorption, bat when associated with
chromophores have a strong influence in the absorption of
these, e.g., :OH, NH, ete.

(4) Extinction coefficient ¢ of an absorbing medium at a
wave-length 4 is the inverse of the thickness, expressed in em,,
of the medium that reduced the intensity of radiation by 1/10.

(9) Lambert’s Law — When monochromatie light of inten-
sity I passes through x absorbing layers, the intensity of light
is reduced to the fraction 1/2* , 1/n being the fraction the light
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is redaced in each layer. The quantities of light that emerge in
the snccessive layers are 1/n , 1/22, 1/n3 , ..., 1/n%,

(6) Beer's Law — Changes in the concentration of a solution
do not modify the absorption phenomena if, in inverse sense, the
thickness of the solation traversed by the light is varied propor-
tionally, thut is, the absorption of a radiation 2 by 0,1 em. of N.
solution is exactly the same as that absorbed by 1 em. of the
N/10 solation, ete.

(7) Hurter and Driffield call density the relation D —log I¢/I,
in whieh I, is the incident light and I the emergent light. The
importance of this notion comes from the fact that the total den-
sity of any number of media is equal to the sam of the densities
of each medium.

The extinction coefficient may be expressed as a fonction of
the density and the thickness d of the absorbing medium. By
definition e=1/d. Applying Lambert's law to a medlum of
thickness d, it follows that: Id/Iy=1/10 =1/n? .. ¢ =log n.

For a medium of thickness d', it follows that:

IIn=l ¥ or log I/Io=—d <log n=—d',¢.".
=—1/d'. log I/To=1/d'. log Iv/I

(8) 1In a solution, according to Beer’s Law, the extinction
coefticient is proportional to the molecular concentration: :=e. ¢.

e is called molecular extinction coefficient and is given by the
following expression e = 1/d'c. log Io/I.

General ideas about absorption theory

The absorption and other phenomena such as the dispersion
(and perhaps also reflexion and refraction) are explained by the
theories of Sellmeier, Ketteler-Helmholtz, Drode, Lorentz, Voigt,
Plank and Goldhammer as resonance phenomena between the
vibration of the incident wave and vibrators characteristic of
molecules, or atomic groups, or isolated atoms, or electrons.
The electromaguetic wave supplies energy to the vibrators, which
emit this energy modified, produeing absorption, dispersion, ete.
phenomena.

The absorption in the ultra-violet is explained in the classic
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theory (Drude, ete.) as a resonance phenomenon between elec-
tromagnetic vibrations and the movement of electrons: with the
development of Bohr's theory, the absorption in the ultra-violet
is explained nowadays by jumps of certain electrons from normal
orbits to others of higher energetic level.

The physical study of emission and absorption spectra has
been suceessful in the case of simple molecules (diatomie mole-
cales). In the case of more complex molecules the degrees of
freedom are so many that the calculations are extremely difficult
and up to the present progress has been slow.

From the physical point of view, theoretically and experi-
mentally verified in a certain extent, the problem lies in the
following state:

(1) The bands in the far infra-red are due to the pure rota-
tion of the molecules. The experimental work of Rubens, War-
tenhberg and Czerny on hydrogen chloride, and that of Rubens
and Hettner on water vapour shew this.

(2) The bands in the near infra-red are due to the vibrations
between the atoms that constitute the molecunles, with sub-maxima
due to the rotational energy of the molecule as a whole. Expe-
rimental work of Colby on the hydrogen halides provides evi-
dence for this view,

(3) The bands in the visible and ultra-violet are of electro-
nie origin: the groups and sub-groups into which these bands
are resolved are respectively due to vibrational energy (atoms)
and rotational energy (molecales or atomie groups).

Ever since the pioneer investigations, physicists and chemists
have tried to explain the origin of the absorption bands of orga-
nic compounds, both as vapours and in solation in diactinic
solvents.

Work of Hartley

Hartley has been the pioneer in absorption investigation and
his results although largely qualitative are extremely important.

From his papers the following general conclusions may be
taken: :

(1) The necessity for the complete stady of the absorption
of organie compounds, i. e. the investigations must include the
ultra-violet as well as the visible region.
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(2) The division of organic compouands in iwo groups: com-
pounds that shew selective absorption (absorption bands) and
compounds shewing only general absorption.

(3) Hartley established the following law: in the absense of
perturbating agents or circumstances the absorption curves of
compounds of similar constitution are similar.

This rule opened a large field to chemical research. Deter-
mining the absorption carves of organic compounds, Hartley
and his collaborators succeeded in definitely establishing the
structure of a number of compounds in which the other methods
of organic chemistry did not give satisfactory resalts.

Work of Baly

The first objections to Hartley's law arose from the absorp-
tion study of the ethyl acetoacetate.

Baly and his eollaborators (J. C. S. 1904, 85, 1029: 1905,
87, 766) intended to establish the structure of ethyl acetoacetate
and metallic derivatives in which ketonic and enolic forms are
possible. The absorption spectra of these compounds were enti-
rely different from those exhibited by the ethyl — 3 — ethoxy-
crotonate (fixed ether) and the othyl ethylacetoacetate (ketonic
form). From these results, Baly concluded that the origin of
absorption bands eannot be found in any determined structure
but in the oscillatory change of linkages involved in a tautomeric
equilibriom. This theory has heen extended to aromatic com-
pounds, compouands with quinonoid structure, di-ketones, ete.,
Unfortunately, however, the existence of well marked selective
absorption in many compounds for which no tautomeric equili-
brinm appears to be possible, greatly reduces the value of this
theory.

Work of Hantzsch

Hantzseh published in Ber. (1908-1919) a series of papers
in which the problem of the ethyl acetoacetate was re-examined,
and the absorption of numerous compounds of acidic type in
different basie solvents were investigated.

Hantzsch arrived at the following coneclusions:

(1) There is a definite correlation between the constitutiun
of compounds and their absorption.
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(2) When a compound under different conditions shews dif-
ferent absorption carves, these are due to definite variations in
the constitation of the compound.

(3) The selective absorption of the metallic derivatives of
compounds of acidic type is due to the reciprocal influence of
secondary valencies or residaal affinities of the metal and oxygen
atoms. :

There are muany objections to the theory of IHantzsch.
Hantzseh himself confesses that in many cases it is impossible
to explain the variations of absorption by different constitution
formulae. Baly criticised the theory, raising important objee-
tions. For instance, there are compounds the constitation of
which ecan be only explained by secondary valencies, which do
not shew selective absorption in the visible or ultra-violet. Also,
Baly does not find in the theory of Hantzsch the explanation of
the similar bands shewn by alkaline solutions of ethyl dimethyl
acetoacetate and ethyl acetoacetate, and also to the incipient
band of ethyl B — ethoxyerotonate in presence of acid.

Criticising his own work, especially the relation between qui-
nonoid structure and coloar, Baly recognised the necessity for a
more general theory applicable to the whole spectrum (infra-red,
visible and altra-violet), with a quantitative physical basis. Such
a theory should also explain fluorescence and phosphorescence.

Molecular phase theory of Baly

The general theory of absorption spectra of Baly is built up
on the following postulates:

(1) A marked correlation exists between selective absorption
and the reactivity of compounds, that is, a certain band of absor-
ption is always associated with a definite type of reactivity.

(2) Except in the case of fluorescence or phosphorescence
phenomena, the energy absorbed by any compound in the visible
or ultra-violet is equal to the energy irradiated in the infra-red.

This postalate implies a relation between the different fre-
quencies in infra-red, visible and ultra-violet. :

(3) Each elementary atom possesses one or more frequen-
cies characteristic of the element itself. They are called the
elementary atomic frequencies, and are assumed to lie in the fur
infra-red, (order 2000 u).
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(4) When atoms of different elements eombine, the resoltant
molecule possesses a new frequency which is the lowest common
maltiple of the frequencies of the atoms constitating the molecule.
This is called the true molecalar frequency. It lies in the near
infra-red : order 3 — 10 p.

(5) The molecalar frequencies in the visible and ultra-violet
are regarded as exact integral multiples of a molecular frequency
in the near infra-red called the fundamental infra-red frequency.
The fundamental infra-red frequency is either the true molecular
frequency or an exact multiple of this frequency.

The molecular frequencies are the central frequencies of the
absorption bands, that is, the frequencies in which the intensily
of absorption is maximal, and these frequencies are characteristie
of the molecale because they are the only ones that persist at
low temperatares.

As a corollary of postulate (D) it follows that the difference
between the frequencies of the two consecative bands in the
visible and ultra-violet is equal to the infra-red fundamental fre-
quency which, according to Baly, has been verified experimen-
tally.

(6) Some intra-molecular frequencies are due to specific
groups of atoms in the molecule, and the numerical values are
given by the lowest common multiples of the elementary atomic
frequencies concerned.

(7) The breadth of the absorption bands, observed at ordi-
nary temperatures, is due to the combination of the molecalar
central frequeney with subsidiary frequencies.

The estructare of absorption bands is described by Baly in
the following way: a band consists of a series of subgroups
symmetrically disposed in relation to the principal subgroup of
highest intensity. Each sobgroup shews a prineipal line in which
the intensity of absorption is maximal. The frequency difterences
between two conseeutive principal lines are constant and corres-
pond to a characteristic intra-molecular frequency of a specifie
atomie group. KFach subgroup shews a similar structure with
ditferences of frequencies corresponding to elementary atomie
frequencies.

According to the ideas of Baly, the elementary atomic
frequencies are due to shifts of electrons from certain sta-
tionary orbits to others, each electronic transition eorres-
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ponding to a change of energy related with the frequency as
follows: —
E/const. = v

The true molecular frequencies reflect the loss of energy
associated with the combination of atoms to form molecules.
The energy loss in this combination is called the molecular quan-
tum, and it is the lowest whole common multiple of the elemen-
tary quanta of the atoms that constitute the molecule.

The atoms do not lose their individoality when in combina-
tion and therefore the absorption spectra of molecules shew not
only the molecular frequencies as also the atomic elementary
frequencies and the intramolecular frequencies.

As has been already stated, in the mechanism of atomic com-
bination each atom loses a determined amount of energy expres-
sed as a whole number of elementary atomic quanta. The loss
of energy is equally shared by the different atoms and the syn-
thesis of the molecule occurs simultaneously with a loss of
energy equal to the molecular quantam. The newly synthesised
molecule is unstable and loses successive molecaular quanta,
Each of these states of the molecule, corresponding to the succes-
sive losses of molecular quanta, is one phase of the molecule.
Thaus, the molecule presents, in different conditions, different pha-
ses differing one from another by whole numbers of molecular
quanta. The different phases exhibit different fundamental fre-
quencies which are integral multiples of the molecular frequency.
Under defined conditions (mediom ete.) a molecnle exhibits a
definite «phase» which is then stuble while the conditions remain
constant. Each molecalar phase is characterised in the visible
or ultra-violet by a definite absorption band. A molecule in a
certain phase, if exposed to a suitable source of radiation, chan-
ges to another phase. The molecules very often exhibit different
phases in different solvents. Tu this way, an explanation of the
variubility of the absorption spectra of certain compounds in
different solvents is obtained.

The fluorescence and phosphorescence are explained on the
basis of this theory by assumiog that the absorbed quantum may
be emitted either as a whole number of infra-red, visible or
ultra-violet quanta, the integer varying with the wave-length of
the light emitted.
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Work of Henri

The work of Henri and his eollaborators concerning absorp-
tion spectra marks a definite advance in these studies, not only
in technique, but also in the interpretation and rationalisation of
this branch of speetroscopy.

With the advent of the techniqne used by Henri and his col-
laborators a new stage in the development of the subject was
reached and even their earlier results are entirely comparable
with those of present day methods. The qualitative technique,
or better, the semi-quantitative technique of Hartley, has been
replaced by the quantitative measurement of the absorbed light.
The method of Hartley consisted of measuring the frequencies at
which the absorption is complete when the light passes through
a solution of fixed thickness and concentration. The concentra-
tion of the solation is diminished, the thickness being maintained
the same, until the solutions do not exhibit any absorption. The
absorption curves were plotted by marking in abscissae the oscil-
lation frequencies of light and in ordinates the thicknesses expres-
sed as a fixed concentration corresponding to the different solutions
used, which is legitimate provided Beer’s law is valid for the subs-
tance studied.

Henri measaored quantitatively the light absorbed by the solu-
tions. The absorption of substances in solution was for the first time
expressed in molecalar extinetion coefficients, e =log I/l /e. d.
in which. (as has already been stated ) I/I is the ratio of the inei-
dent light to the emergent light, ¢ is the molecular concentration
of the substance in diactinic sdlvent, and d the thickness of the
solotion expressed in centimeters. Henri has devoted special
attention to the choice of a convenient light source. He unsed a
spark between iron-cadmiom electrodes which gives a very rich
spectrum for %>214 mp. For shorter wave-lenghts, 2> 193 my,
Henri considers very convenient the use of zine and aluminium
electrodes. A high frequency spark between electrodes of alu-
minium under distilled water was used as a light source giving
a continuous spectrum.

Space does not allow a detailed account of the work of Heuri,
especially in the part concerning infra-red absorption spectra.

Henri and his collaborators carried out a systematic stady of
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absorption of organic compounds in, the infra-red, visible and
ultra-violet in order to determine the influence in absorption of
CH,, CH;, OH, CO, CHO, COOH, C:C, C:C, benzenic,
naphthalenie, anthracenie, phenanthrenie, ete., groups, existing
each one by itself, or two or more simultaneously in the same
molecule.

A brief account may be given of the most important econelu-
sions of Henri.

Rule of absorption of saturated acids and aleohols. — When
we pass from the acid C, He, 1y COOH to the acid C, Hap oy
CHs COOH or from the aleohol C, Hs, .4 OH to the aleohol
CnHsy 1 CHe OH, the absorption curve is displaced to the red,
the differences of the frequencies to the same absorption being
equal to Av=20.1012 that it is the characteristic frequency of
the CHa group. (Suobsequent work has not confirmed this gene-
ralisation ).

Rule of absorption of saturated esters — The ultra-violet absor-
ption of the esters of general formula C, Hs, ;4 COOC, Hap g
differs very little from the absorption of the ecorresponding acid
CaHs, ;1 COOH.

Rule of absorption of the salts of saturated acids — The absor-
ption of the salts of saturated acids is not so intense as that of
the corresponding acis.

By comparing the results obtained in the infrared, visible
and ultra-violet, V. Henri established the following rules:

(1) The frequencies of the absorption bands in the wvisible
and ultra-violet are whole number multiples of the frequencies
of the infra-red bands.

(2) Substances that give rise to several bands in the infra-red
exhibit several bands in the ultra-violet, the frequencies of which
are equal to the same integral maultiple of the frequencies of the
infra-red bands. (The above statements can scarcely be justified
to-day ).

Ienri established the following rules concerning the mutual
influence of ehromophorie groups:

(1) When the molecule of a substance contains two chromo-
phores the substance exhibits the characteristic absorption bands
of these chromophores: if the groups are near, the positions of
the bands are displaced to the longer wave-lengths, and the inten-
sities are only slightly modified: if the chromophores are sepa-
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rated, the positions of the bands are nut modified, but the inten-
sities of the obsorption increase. (There can be no doubt that
this statement contuzins muoch trath )

(2) An atomic group A possesses in the infra-red a certain
number of absorption bands with frequencies vy, va, va, ...and
in the ultra-violet absorption bands with frequencies :

Ve=noyyy'=n.a;v'=n.; -

n being a whole number. The principal difficulty here depends
on the fact that the hypothesis is too elastic to be fruitfal.

(3) When in the molecule of a substance a group A oceurs
together with other groups B, C. D. ... this substance exhibits
in the infra-red the v;,ve,v3.... bands and in the ultra-violet
bands with the frequencies

vi=(n—r)unjvi=(n— rhve; v =(n—r)vs; ...

in which » is a whole number. Again, the hypothesis is too rea-
dily adaptable to any set of data to throw much light on the
mechanism of absorption.

(4) The value of r, characterising the displacement of the
bands, depends upon the distance of the group A in relation to
the other groups and upon the atomic composition of these groups.

Regurding the problem of the relation between the intensity
of absorption and the complexity of the molecules, in first place,
Henri advanced the following generalisation :

The highest intensity of absorption in the ultra-violet corres-
ponds with the greatest chemical lability.

According to Henri, the influence of B. C. D.... groups
upon the absorption coeflicient of the atomic group A is diffe-
rent in the infra-red and ultra-violet. In the infra-red the change
of the molecalar absorption coeflicient e is additive : in the ultra-
-violet, as a first approximation, the absorption eoefficient varies
in geometric progression with increasing complexity of the mole-
cule.

Starting from these rules, Heuori considers it possible to cal-
culate the extinction ecurves of any compound of known strueture
if the absorption of the different chromophores that constitute the
molecule is known. The following methoed of calculation is des-
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cribed by Henri: Let us consider a molecule constituted by two
chromophores, A and B of which the absorptions are known.
The absorption curve of a solution that contains equimolecular
quantities of two molecules, of which one contains the c¢hromo-
phore A and the other the chromophore B is measured. The
extinction curve of the compound that contains A and B is obtai-
ned from that of the mixture by maltiplying the frequencies of the
infra-red bands by a whole number, which gives the displacement
to the visible bands of the compound which contains both A and B,
in relation to the bands exhibited by the mixture of the molecules
that contain separately the two chromophores. The absorption
coefficients are multiplied by a second constant.

The modified frequency of the chromophore A is v=v, +r.y;
in which v, is the frequency of the chromophore A in the mixtare, v;
is the frequemcy of the inira-red band related to the ultra-violet
band, and r is a constant, usually equal to 1, 2, 3, 4, or 5.

The molocular extinction coefficient is given by the expres-
sion e—a.e,.

According to Henri, the extinction corves of thousands of
compounds may be ecaleulated, the results agreeing very well
with experience. In spite of initial successes with relatively
simple compounds, it does not appear that Henri’s optimism
was in any real sense justified.

The work of Vietor Heuri, although very important, is to be
regarded as exploratory rather than definitive; the broad scope
of the investigations has to a considerable extent heen obtained
at the expense of finality in interpretation.

During recent years, M.™® Ramart-Lucas and her collabora-
tors have published in the Comptes Rendus and in the Ball. Soec.
Chim. de France, a series of papers which on account of the
care devoted to purity of compounds and accuracy of observa-
tions, we consider to be among the most important and definite
contributions to the knowledge concerning absorption pheno-
mena.
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Work of M.™ Ramart-Lucas

M.m¢ Ramart-Lucas, in a very clear way, defines transpa-
rent groups and absorbing groups or chromophores. She assumes
the transparency for 2>1900 A, of all satarated hydroear-
bons, eyelic or acyclic, and considers transparent avy group
whuich when introduced into any satarated hydroearbon, does
not modify the transparency. .lbsorbing groups or chromo-
phores, are those groups which when introduced into any
saturated hydrocarbon, give rise to a selectively absorbing
molecule. According to these definitions, the groups CHj,
CHgs, and CH are transparent. The halogens sulphur, — NO,
—NOs, —NH,, —8H, —CN, —COOH, :C:0, >C:8,
—CH:CH—, —~0:C ", ete. are chromophores. The notion
of chromuphore is generalised to radicals of valency n, these
being considered chromophores if united to » monovalent alkyl
radicals give rise to colonred molecules, e. g.: benzenic, naphtha-
lenie, anthracenie groups, ete. When the chromophore contains
carbon atoms, the sataration of the free valencies by hydrogen
atoms gives rise to an absorbing molecule. It is difficult to make
a rigid correlation between a chromophore and a specific «colour»
(ultra-violet or visible) because the chromophore may give rise
to different «colours» in different compounds. The «colour» due
to a certain chromophore in a molecule depends not only upon
the constitution of the ehromophore bat also uapon the atoms or
atomie groups to which the ehromophore is linked. For instance,
the ~C:0 group exhibits different «colours» in formaldehyde,
acetaldehyde, acetone, formic acid, acetic acid, pinacoline, hexa-
methyl-acetone.

In contradiction to certain rules advanced by Henri (absorption
of the homologous series C Hay 1. COOH and C, Hay 4. OH)
M.™ Ramart-Lucas enunciated the following rules (!).

(1) Resting her conclusions on the investigations of Hantzsch on the saturated
fatty acids, on the observations of Ley on the alkylanilines, on those of Rice on the
ketones of general formula CH,COCH:;R and on her own work in the colla-
boration of Mle Biquard and M. Grunfeld (C. R. 1930, 190, 1106) on the saturated
fatty acids and with M. Hoch (C. R. 1932, 194, 96) on the alkylphenylketones, on
the homologues of methyl stirolene, dipbenoxymethane, phenoxybutiric acid, ete,
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(1) The CH3, CHs, (and CH) groups are transparent in
the ultra-violet to all wave-lengths longer than 2000 A .

(2) In a straight chain homologous series containing only
a single fonetional (absorbing) group, the molecalar weight
does not affect the absorption (the first term of the series is
always slightly abnormal).

From these rules an extension may be made to the com-
pounds : —

A .(CHs),.B in which A and B are two functional or absor-
bing groups. It may be expected that the absorption will be
independent of the length of the (CHgs), chain, and will depend
only on the natore and mutual influence of the A and B groups.
Stodies of the matual influence of the two chromophores have
been carried out by M.™ Ramart-Luecas and her collaborators
for several series of compounds of general formula A .(CH:),.B,
e.g.:0sH;(CHs)y . COOH esters, amides and nitriles ; (CH3)s
Cs Ha I:GHQ'I.; .COOH; CeHs. O. {CHﬂn . COOH; Cs; H;
(CHs),, . CO.CHj ete. From the results of these investigations
the following rules have emerged : —

(1) When the chromophores are directly linked (n=0),
the absorption differs profoundly from the absorption due to the
superposition of the already definite defined «colourss of each
of these cromophores in a carbon chain. (This rale is in com-
plete disagreement with the corresponding one enunciated by
Henri). j

(2) When the chromophores, without being direetly linked
are linked to the same carbon atom, they reacquire wholly or
in their separate individuality.

(3) When the ehromophores are separated by two or more
carbon atoms in a straight chain, they reaequire eompletely their
individual properties. The absorption curves of these compounds
agree exactly with those of equimolecular mixtures of substances
the chromophores in each of which contain only A or B. This
last role is subject to exceptions in cases where the (("Hg), ehain
is bent around itself to a greater or lesser degree. The first rule
greatly limits the validity of Henri's caleulations on the absorption
corves of molecules containing more than one chromophore, the
absorption of each by itself being knowa. The comparison of
glyoxal, diacetyl and acrolein extinction curves whith those of
acetone and acetaldehyde provide good examples of the profound
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changes in absorption which oeccur when the two ehromophores
are directly linked (!).

Considering the problem of the relation between absorption
and reactivity due to chromopheric groups, M."* Ramart-Lucas
criticises the rule of Staudinger which states that «any chemical
substitution which displaces the absorption to the visible, dimi-
nishes the state of saturation of the molecule» and also the rules
suggested by Henri. M.™ Ramart-Lueas in the present state of
knowledge considers that generalisation cannot go further than
statement (based on measurements of reaction velocities) that
«a chromophore exhibits the same reactivity in any molecule
into which it introduces the same «colours.

Work of D. Radulescu and e Clar

D. Radulescu and his collaborators (Ber. 1931, 64,2223 et
seq.) studied the absorption of unsaturated hydrocarbons, (a) with
conjugated double bonds in open chains (eroeetin, bixin, earoti-
noids), (b) polycyelic compounds (anthracene, phenanthrene,
pyrene, perylene, Z:3 — benzanthracere) and also the diphenyl-
polyenes of Kuhn. To interpret the results obtained, Radulescu
assumes that the absorption spectra of these compounds are due
to complex aggregates of valency electrons, «gemeinschafts-
-Resonatoren» (shared-Resonators) or «electron constellationss.
The results obtained with naphthacens and its derivatives (Radu-
lescu and Barbulesca, Z. Physikal Chem., 1929 B 5, 177) are
particularly interesting and representative. Naphthacene dissol-
ved in CCl; presents an electronic constellation of 54 conjugated
electrons

o o H-iechE

T ) M R MRy N e
HG O ¢ o.ro el
B oy i
I TP W

(") Lifschitz (Zeit. f. Physik. Ch. 93, 126) has contested theoretically the value
of Henri's results on the «a prioris calculations of the absorption of solutions.
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The ahsorption curve in the visible exhibits 3 bands

Amax. 480, 460, 420
lnga 2'4 » 2'3 ] :-I)-Url_}

The quinones derived from naphthacene, in which the charac-
teristic
T L s T et
LI o e e S, o SRV 0 L
HQ 0 un/Q s 0 i HC 0. £ .0 GH

HC C C C CH O C..GC .0 CH
.'q'. .‘g‘o ..QL- .‘q'. .'g'. ..?l. .‘?r. .'(i'.
1 A S A | H T ge A4
electronic constellation disappears., shew only continuous gene-
ral absorption in the visible.

The diquinone halochromie complexes (!), in which X =803
or SnCl,

H 0! :0! H

present the electronic constellation of naphthacene: the 3 charac-
teristic maxima are exhibited in chloroform solation

L max. 54D, 510, 470 ™
loge 3.4, 3.0, 2.8

(1) These complexes are of the type described by Pfeiffer. The affinity of
the oxvgen atom is partially saturated by the added molecule: part of the carbon
atom affinity becomes free and it is known that a trivalent carbon atom is inten-
sely chromophoric : the carbon atom here is not precisely trivalent : it is in an inter-
mediate state which is the characteristic postulate of Pfeiffer's theory.
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Similar behaviour by other compounds of this type eorrobo-
rates the ideas of Radulescu. In the last example, the displacement
of the bands must not be aseribed to ehanges in the electronic cons.
tellation, but to changes of polarity caused by the introduction of
the 803, SnCly, ete., groups.

Radulescu also assumes a valency tautomerism for the poly-
cyelie hydrocarbons the phases of which are given by the electro-
nic formulae of J. J. Thomson and the formulae with a hridged
link in the para position. The tautomeric equilibrium of anthra-
cene is as follows

According to Radulescn, the absorption bands in the visible
are due to the 'bridged’ phase, the electrons of the bridge being
controlled by both meso-carbons.

E. Clar and his collaborators (Ber. 1930.1932) have inves-
tigated the problem of the structure of polyeyclic hydrocarbons.
In order to explain the differences of meso-reactivity of the diffe-
rent hydrocarbons and the differences of absorption, Clar assu-
mes that these hydrocarbons exhibit a type of valency tantomerism
which in anthracene for instance is expressed by the equilibrium
between the o-quinonoid and the di-radical forms

H

- -
== C S C = - C = = C e C M e
C C' C C C C C C
| | i' L3 [ | |
C C C C ¢C C Cc C
Hcf‘-c;:/‘xc/ -..“--L‘LO,/‘“\C,/-\ o=

H
o-quinonoid form di-radical form

The meso-reactivity and the absorption in the visible are
ascribed to the di-radical form which contains unshared electrons
=
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on the meso-carbons. The hydrocarbons presenting the di-radieal
form, give addition compounds whith maleic anhydride and exhibit
selective absorption in the visible. The addition compounds do
not shew the visible bands and the spectra are reduced to
the characteristic absorption of the benzenoid and naphthoid
groupe.

The linear relation between the log e max. of the first bands
of the polyeyeclic hydrocarbons and the reduction potencials of
the corresponding quinones appears to throw some light on the
problem of the relationship between colour and p-quinonoid
structure in organic compounds.
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CHAPTER II

Emission and absorption of spectral lines

Each series of lines in the complete speectrum of an element
can be expressed by the difference between a constant and a
variable spectral term :

y=A —DB/(n-} u)* (Ridberg formula)

R EEreeTE——

in which A is the frequency of the convergence limit of the
geries, [ is a constant depending upon the degree of excitation
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of the atom, n a variable integer (serial number) and u a cons-
tant for the atom concerned.

In the are spectrum of an element (B=R=13.20><10" sec ')
the majority of the lines belong to 4 distinet series :

Principal w=P;v=R(1/(148)*—1/(n +P}') or y=18 —nP
Difuse u=D ;v=R(1;’{2+P}’——1f{n+D)’) or v=2P—nD
Sharp u=8 ;v=R(1/2+P)*—1/(n + S}') or v=2P—nS
Fundamental u—F ;v =R(1/3+4D)?—1/(n+ F)?)or v=3D —aF
(Bergmann)

_in which 1IS=R/(1+48)?, ..., nF=R/(n 4 F)? are the spec-
tral terms of the different series.

The frequencies of the spectral lines of any element are obtai-
ned by subtraction uf the terms, these subtractions being regula ted
by the combination prineiple of Ritz and its restrictions.

The combination principle of Ritz (1908) states that in any
spectram resolved into series, the frequency of any line may be
expressed by the difference betwoen two terms and with some
exceptions each difference between any pair is the frequency of
an observed line.

The possibilities of combination between the terms are limi-
ted by the following rules: :

(1) Two terms belonging to the same series do not combine.
(2) The S terms only combine with P terms, P terms with S
and D terms, D terms with P and F terms.

In the case of the atom of hydrogen, Rydberg’s formula is

v=DR (1/a'*—1/n"2)

withm'=1 , n"=2,3,4,... in the series of Lyman

n'=2 , n'"=3,4,b,...in the series of Balmer

n'=—3 , n'"=4,5,6,...in the series of Paschen

-

n'=4 , a"=D5H,6,T7,... in the series of Brackett.

Bohr arrived at this formula with his conception of the hydro-
gen atom in which an electron of mass m and electrical charge —e
moves in eircular orbits (stationary states) around a nucleus of
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positive charge +- e, the stationary states being determined by
the restriction equation of Bohr

m.a*,»=angular momentam of rotation — nk/2 =

in which a is the radius of the orbit, w the angalar veloeity and &
the constant of Planck (7=16.55 10-% erg. sec.).

Thus, the hydrogen atom in different states of excitation cor-
responds to a central positive nucleus of charge -+ e and an ele-
ctron of charge — e occupying concentric orbits defined by the
quantam number n, each orbit n corresponding to an energy
level E, and a frequency v,

va=2AMmk , Ex=A(1—1/a?) (ﬁ‘:?ﬂ’d‘mi‘ﬁ’)

Sommerfeld, considering the necessity of elliptical orbits (') of
the electron gave to this two degreos of freedom, the electron
being defined by two variables r and 6 to which correspond two
restriction equations and thus two quantum numbers n, (azimo-
thal quantum number) and n, (radial quantum number) but the
total energy of the system is determined by the total quantum
number n==n, + n,, the energy of the levels being equal to

En, ,n, =A(1—1/(ns + n,)?)

and independent of the shape of the orbits (circular or elliptical).

The spectrum of ionised helium may be studied in a similar
way, but when the atom contains more than one eleetron only
a qualitative solution of the problem is possible on the basis of
these simple assumptions.

The similarity of the speetral terms of any element with the
spectra of hydrogen and ionised helium suggests that the essen-
tial factor in each stationary state is the orbit of an electron in
relation to the atom residue, the transition of this radiating ele-
ctron from one of these stationary orbits to the others giving
rise to the spectral lines. The radiating electron moves in a

(') The structure of the spectral lines of hydrogen, the Stark and Zeeman
effects, etc., only can be explained by the elliptical orbits of the electron.
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spherically symmetrical and central field; its movement is the
resultant of two superposed movements, one elliptical and the
other a rotation of this ellipse around the centre of force. The
system is defined by the total quantum number n and the azi-
muthal quantum number k. The energy of the system corres-
ponding to the stationary state n; 8 —W,=— AZn* =
= — RAZ3/n** in which n*==n |3, J depending only upon
the azimuthal quantum number and Z being the number of
positive electrical units e in the atomic residue. In this way it
is obtained a correspondence between the empirical spectral
terms RZ%*(n 4 8)*, ... and RZ¥(n + 9)2, being eviden-
tly n48S=n-3(1). b

Some important conclusions follow from these results. As 3
and thus S, P... depend only at a first approximation, on the
azimuthal quantum number, the terms oi a series, . g. 5, cor-
respond to a constant & number, and a varying total quantam
number n. Examination of the effective quantum numbers cor-
responding to the P, ..., F sequences shews that the correction
diminishes from the P to the F terms, the F orbits being the
closest to those of the hydrogen atom and it is also evident that
the % values increase progressively from the S to the F terms,
the presumption that S terms correspond to k=1, P terms to
k=2, D torms to k=23, and F terms to k=4 being justified.
Thus the restriction to the Principle of Combination may be
expressed in the quantum theory as only those spectral terms in
which the difference of azimuthal quantum nambers is equal to
unity Ak= +1, can combine.

The spectral lines frequently exhibit multiple stractures (dou-
blets, triplets, etc.). The multiple spectral terms are usually
expressed by the notation of Russel and Saunders (Astrophys.
J., 1925, 61, 38). The complete system of doublets is given
by n28y; n?Py, n2Ps; n2Ds, n2D;; n?F;, n2F, in which
S, P, D, and F characterise the sequences, the multiplicity is
indicated by the superior left index, the component of the term
by the suffix and the number of the series by the prefix n. The
combination of the terms is regulated by the principle of Ritz

e —

(') n and n are not necessarily the same, because the first is a serial namber
and the second an empirical value.
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and a forther restriction which states that only the terms which
suffixes are different by O or + 1 can combine.

To explain the multiple stractare of the spectral lines a third
quantum number has to be introduced. According to J. Goudsmit
and Uhlenbeck (1926) the valency electrons (or more generally
the electrons) are not point particles but possess an intrinsie
spinning angular momentum equal to half unit of Bohr 1/2 (k/2%).
Thus, in any atom with one valeney electron, although the atomie
residue possesses an angular momentum equal to 0, the total
angular momentam of the atom is the vectorial som of the intrin-
sic angular momentum of the valency electron and the angular
momentum of the electronic orbit

12 . GBm + BPr=je

in which l=1%—-1(') and j is the new quantum number (inner
quantam number). The values of j are limited by I 4-s >j>l—a
and instead of one energy level corresponding to nj there are as
many as the possible values of j compatible with n and k.

The spectral terms of the elements and ions with one valency
electron are singlet in the sharp series (I = O ; j=-) and doa-
blet in the principal (I=1;7=1/2, 3/2), diffuse (1=2;7=3/2,5/2)
and fundamental (1= 3; j =D5/2, 7/2) series.

The elements or jons with more than one valency electron
usually possess spectral terms with different degrees of maltipli-
city. Each electron in the outer shell is defined by the three
quantum numbers n, I, 8; in the atom taken as a whole, the
angular momenta k2w of each valency electron are composed
together giving a resultant equal to L%/27, and similarly the spin-
ning angalar momenta of the electrons give rise to Sh/2=. From
these two values the total angalar momentum of the atom is obtai-
ned, j2/2x. Thas the atom as a whole is defined by =, Land S
and so are the spectral terms. L=0, 1, 2, 3 gives respectively
the sharp, principal, diffuse and fundamental series of terms and
S the multiplicity of the lines, being r= multiplicity of the spectral
terms =2 S -} 1.

(1) 1, the linear quantum number has a clear siguification in Schrisdinger's
mechanics.
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CHAPTER 1II

Emission and absorption band spectra

Band spectra arise from molecales or molecular ions contai-
ning more than one atom.

From the spectroscopic standpoint, the molecules can pos-
sess three types of energy: rotational, vibrational and electronic
energy.

Rotation spectra

The pure rotation bands lie in the far infra-red (100 p ea)
and are only exhibited by heteropolar molecules, the absorbed
energy being transformed into rotational energy or the emitted
energy being of rotational origin.

The rotation bands in diatomic molecules consist of series
of well defined maxima, the frequencies of which form appro-
ximately an arithmetic progression v=m . b or more accura-
tely v—=m.b —d.m* (Czerny), in which b and d are constants
(d being very small in relation to & but not negligible) and m
an integer. The pare rotation band of HC! lies between 44
and 120 p, m varying from 4 to 11 and the values of b and d
being respectively 20.832 em—! and 2.09 103 em—"'.

Applying the quantum theory to the rotation of a simple
diatomie molecule, the following expression to the rotational
energy is found:

Er=m?h%8x21

in which m is an integer, % the Planck’s constant, and I the
moment of inertia.
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The new quantum mechanies introdace into the value of the rota-
tional energy the following modification: E,=m(m + 1)2*8=*L.
The energy lovels A%/4=21, 3Ah%4 =21, 6h%4=21, 10424 =21
correspond respectively to values of m=0, 1, 2, 3, and as Am can
only be + 1 the frequencies of the lines are v=(m—+1)h/4n?I

SRR Bt it i ik
i dh/dnt] l
1 i 64 x?T
Bh/4n?l
. 3h%dn2l
2h/4ntI l
AIPLS
t hjd=2 1 | '
L5 0

(m=0, 1, 2,...) which form an arithmetic progression. There-
fore the empirical constant b may he identified with A/4=21,
the dm?® term being a correction which accounts for the increase
in the moment of inertia of the molecale when it rotates rapidly.

Vibration-rotation spectra

The rotation-vibration bands lie in the near infra-red and are
characterised by a series of sharp submaxima nearly equally
spaced on the frequency scale. There is however one striking
exception to the constaney of Av, since an interval of 2Av
occurs in the middle of the band. At the point where maximom
might be expected to occur, there is in fact a minimum as
though the central frequency were missing.

If v, is the frequency of the centre of the band, the fre-
quencies of the sub-maxima are expressed by v—yv, 4+ bm or
v=1y, + bm -+ em?, v, being the interatomie vibration frequency,
the other terms, which give the fine structure of the band, cor-
responding to the rotation of the molecule and being superposed
on the atomic vibration which fixes the position of the head of

the band.
Applying the quantum theory to a dipole molecule which
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rotates as a whole round one of its principal axes, and the atoms
of which vibrate linearly whith respect to one another, the total
energy corresponding to the stationary state (p, m).is found
to be:

Ep, m=Ep+E,=p. h. v, +m? 238521

or, according to the new quantum mechanics,
Ep,m= (p+ %] hvytm(m+1)h2%8n21

If the molecule is heteropolar and the vibrations and the
rotations are harmonic, only transitions in which Ap=0or+1
and Am=+1 are possible and energy may be emitted or absor-
bed with the frequencies :

v=vy+ (m+ 1)h/4x2I (m=0,1, 2, 3...)

This formula explains the gap in the middle of the band (the
second term never can be equal to ) and states that the fine
structure in these bands is of the same type found in pure rota-
tion spectra.

Colby found for the vibration-rotation spectrum of HCI

v=2886.07+20.6m—0.301m2 J0.00206 m?

in which 2886.07 corresponds to v,, £ 20.6m to the rotation
frequencies, F 0.00206m* being a correction corresponding to
the changes of the moment of inertia and — 0.301 m? a correction
corresponding to the mutual influence of vibration and rotation
and also to the anharmonic nature of the oscillator. (In the
near infra-red spectrum of HCI, a series of bands correspon-
ding to transitions in which A p=~1 have been accurately obser-
ved and correlated with anharmonic natare of the oscillator).

Electronic bands

Eleetronic bands are ascribed to simultaneous changes in the
electronie, vibrational and rotational states of the molecules.
These hands lie in the infre-red, visible and ultra-violet.

In a molecule, each electronic energy level n is associated with
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a certain number of vibrational energy levels (p=0,1,2,3...)
and to each of these correspond rotational energy levels (m =0,
1,2,3...). Thus a great number of lines may be expected due
to the combination of all these energy levels.

In a definite state, a molecule is defined by the quantam nom-
bers », p, m, and the frequency of a line corresponding to the
transition n', p', m' to n", p", m'" is:

V== E"J o En}__'lh + EP” — Ep‘fﬁ + Em” " Em'fh

Let us first study the gross structure of the whole group of
bands when the molecule changes from one electronic level to
another (n'p'—-n"p"). The frequencies of the emitted lines
are:

ve=Eun —En/h+ Epr — Epifh ==y + Epr — Ep.[h

in which E,=(p + §)hv, in the harmonic oscillator or B, =
=(p+ %) : ?nr(l —(p + %)m ...) in the anharmonic oscillator,
a being an anharmonic factor. Thus for the anharmonic oscil-
lator

V=1, +Prl1"”1r(1 -—p”.l'”) "'—Pri‘!-p(l ___PJ Ir)

As the orcillators are anharmonie, transitions for p-=1 occar
and for p" = constant

v==y', — ﬁrp:_ TFPI!

in which p'=0, 1, 2, 3,..., f'=v', and y'=v'yz'. These
values of v which converge for increasing values of the wave-
-lengths (Av=Ff'—7'(2p' + 1)) form the Deslandres first pro-
gression,

The Deslandres second progression correspond to p' = cons-
tant and p"=0,1,2,3, ...

y=an+ Fa”P”_TrIP“!

and the lines converge in the direction of the decreasing wave-
-length (dy"—_—ﬁ”—y” (2p" 4+ 1)).

If the transitions take place for p” — p' = constant, different
sequences for p" —p'=0, 1, 2, ... are obtained and in each
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sequence the sub-maxima frequencies are a quadratic function
of p" or of p', the spacings being in arithmetical progression.

The electronic bands, when observed with a sofficiently high
power of dispersion, shew fine lines corresponding to rotational
transitions. With the transition ' p'—-n' p" may be assoacited
quite a large number of rotational transitions giving rise to lines
of frequencies

Y=—=Vy -P.+ Emn— Emcl.'ft

but in this case the moment of inertia of the molecule instead of
being constant as in the pure rotation spectra, varies and the
values I' and I" corresponding to the states m' and m' have to
be considered. For values of Am—+1

v=vn,p+ B".m" . (m"+1)—B'm'.(m" -+ 1) (B=~h/8x2I)

The R branch of the band corresponds to the transitions
m"=m-—+m'=m — 1 and the frequencies are

ye=vg.p+(B"+B').m+ (B"—B/).m* (m=1,23,...)

The P branch corresponds to the transitions m' = m —
—1—-=m'=m and the frequency values are

v=1yn,p— (B"+B').m+(B"—B').m?

The Q or zero branch which corresponds to change in the
electronic and vibrational states of the molecule Wwithout rota-
tional change is given by

v=v,,p+(B"—B').m'.(m'$+1) (m'=0,1, 2,8,...)
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CHAPTER IV

Visible and ultra-violet absorption bands of polyatomic
organic compounds (1)

The selective absorption of polyatomic organie vapours in
the visible and ultra-violet regions is of electronie type, and the
number of degrees of freedom is so great as to make a satisfa-
ctory analysis very difficult. In solution, the degree of resolu-
tion achieved under high dispersion is much inferior to that
obtained with vapours, and even with indifferent solvents such
as hexane and heptane, the effects of quantised rotational chan-
ges are no longer recognisable. With a large number of absor-
bing substances, dissolved in aleohol or hexane, broad regions
of selective absorption are shewn in the visible and ultra-violet,
with no indieations of resolation into narrower bands, whilst
with other substances a number of sab-maxima are shewn, the
frequency differences between which are approximately cons.
tant. These correspond with inter-atomie vibration frequencies.

Certain groupings, notably the ethenocid linkage, C =C, the
carbonyl group C=0, the azo-grouping N=N are regarded
as chromophores in the sense that they give rise to selective
-absorption in the region 180 — 800 m .

There is no difficulty in coneeiving a valency electron in
such groupings raised to a higher energy level as a result of
the aet of absorption. Bat when the phenyl group or an entity
containing several conjugated double bonds gives rise to a spe-
cial absorption band, difficalties at once arise. It is difficult to
localise the act of absorption in a echromophore containing three
double bouds and it is necessary to draw a distinction between
simple chromophores and complex chromophores. In a simple
chromophore the electron, which by the act of absorption is rai-
sed to a higher level, is simultaneously under the control of
two atoms, e. g. in the C=0, N=N, N—H, C=C, N=0
groupings, whereas in a complex chromophore such as C; H;
and =~ C=C—C=0, the groupings responsible for the band

(") CL R. A. Morton and A. J. & de Gouveis, J. C. 8,911, 1934,
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may contain more than two atoms, although the act of absor-
ption occurs in a simple chromophore within the complex chro-
mophore, the enmergy level of the electron concerned being
determined before the act of absorption by the properties of
neighbouring atoms or groups.

A complex chromophore may thas be a very large unit, it
is a chromophore if the existence in a molecule of the definite
large grouping is a condition for the appearance of a particular
band. Thus a certain minimum number of conjugated double
bonds is necessary for the appearance of the absorption band
associated with the visible colour of, for example, carotene.

If the absorption spectra of hydrocarbons are considered, it
seems as if all saturated hydrocarbons are transparent, or pra-
ctically so, in the region 200 — 800 my. Selective absorption
in hydrocarbons is therefore due to unsaturation, but whilst
ethylene and the butadienes only exhibit selective absorption
beyond 225 mp in the direction of the Schamann region, sele-
ctive absorption occurs at longer and longer wave-lengths as
unsaturation is inecreased, in the order benzene, naphthalene,
anthracene, carotene, perylene, to choose only a few hydrocar-
bons at random.

The chromophore, or the group determining the spectral
location of absorption, includes what Raduleseu (loc. eit.) has
termed the «Gemeinschafts-Resonatoren» or the entire selectron
constellationss. This can only mean that the individual ele-
etron, which by the act of absorption is faised to a higher
energy level, must initially occupy a specific level, and be
maintained in that level as the result of the efiect of other cen-
tres of unsaturation. A longer or shorter succession of conju-
gated double bonds determines the normal energy level of a
valency electron in a double bond, and although a very large
number of levels may be theoretically possible, it is probable
that the important ones may not be too numerous for useful
classification.

Let us imagine that a series of absorption bands can be
identified with the ehromophores: —

Ol O~ -
i OHe=0H~ 0 He=0H —
R.(CH=CH),.R otc.
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each band should correspond with a particalar energy level of
a valency electron in the C = C group, and the notation C=0,,
€ =0y, C=0C,, C=Cj;, ete. should facilitate description.

In the same way, the statement that a particular absorption
band arises only from unsaturation in a molecule containing =
conjugated double bonds, may be expressed by C=Cc—e, a8
a description of the chromophore.

Again, acetone has two bands, one at 18T mpy, and another
near 275 mp . Both are due to the carbonyl group, and can be
written C=0,, C=0g. In mesityl oxide the band due to the
carbonyl group is displaced and may be described as C=0, or
C=0,_., intimating that the chromophore contains both the
carbonyl and ethenoid groups, but that the aet of absorption
occurs for an electron ander the joint control of C and O but
that its initial state is different from that of the corresponding
electron in acetone in virtue of an indaced effect from the double
bond. Mesityl oxide also shews a band near 234 mp due to the
ethenoid linksge. The chromophore may be written C = C., indi-
cating that the act of absorption occurs at the double bond, the
initial state of the electron concerned being different from that
of the corresponding electron in ethylene in virtue of an induced
effect from the carbonyl group.

On this basis the absorption bands of organic compounds
reflect in the first instance, changes in a finite number of elee-
tronic energy levels, for a few simple diatomic groupings like
C=0, C=C, N=N ete. The recognition of these different
levels is however complicated by the existence of vibrational
levels and there are many instances where the actual wave length
of maximum absorption in a band resolved into sub groups, repre-
sents apparently an electronic frequency plus or minus a vibra-
tional frequency or a simple maultiple thereof. In order therefore
to arrive at the electronic levels, it is desirable where possible to
make allowanece for this effect. and in many cases of unresolved
broad bands, it is important to realise that the observed frequency
of maximum absorption may only be an approximation to the true
and theoretically significant electronic frequency, quite apart from
the difficulty of determining experimentally with exactitude the
observed maximum.

The extinction coefficient at the maximom of an absorption
band is a measure of the probability of the electronic transition
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concerned taking place. In organic molecules containing only
one simple chromophore, there is reason to regard the molecunle
as distributed over a series of electronic conditions, the valency
electron or electrons oecupying different levels. Thus the disper-
sion of acetone indicates an absorption band in the -Schumann
region conneeted perhaps with an electronic level related to the
ionisation potential, whilst the band observed near 187 mp may
possibly be connected with a resonance potentiul. Be that as it
may, a statistical distribution of molecules over a series of elec-
tronic energy levels must be postulated. These different energy
states must not be confused with electromers» a term best
reserved for the type of valency isomerism which is assamed
in connection with the octet and similar electronic theories of
valency.

If the absorbing molecule contains several simple chromo-
phores together constitating one or more ecomplex ehromophores,
a whole series of electronic transitions are theoreticully possible,
Thus the chromophore (C=C)y may be necessary for one absor-
ption band, due to an electron transition of a valency eleetron in
a C=C group influenced by nine other conjugated double bonds,
but within that chromophore a second chromophore say (C=0C)s
may give rise to another band and another, let us say (C=C);
may give rise to a third band. The substance may exhibit several
absorption bands, each representing the difference between two
terms in the C=C speetrum. Carotene Ci Hjs with 13 con-
jogated double bonds, exhibits maxima at 280, 348 and 462 mp,
euch of which must be due finully to a valency electron in a
double bond. The obvious possibilities of complexity in electro-
nic levels are not necessarily as alarming as might appear. «In
«all molecules whera data are available we find a series of energy
alevels corresponding at least approximately to the customary
« formulse of line spectra» .. «The energy levels associated with
«the valency electrons of molecules agree in all essential aspects
«with those associated with the valency electrons of atoms» (R T.
Birge, Nature, Feb. 26. 1926, p. 301).
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CHAPTER V

The technique of absorption spectrophotometry

The present work has been carried out with a Hilger medinm
quartz spectrograph (E3) in conjanction with the Hilger sector pho-
tometer. Incidentally, the Hilger small quartz spectrograph (Es;)
fitted with the Spekker ultra-violet photometer (Hss;) has been
used, and occasionally to acquire a rough idea of the absorption
spectra of some substances, the Hilger quartz echelon cells have
been employed ().

The iron-nickel are and a nickel-steel spark have been used
as sources of light giving speetra very rich in lines and shewing
few gaps in the region 200 — 700 m p. The high frequeney spark
between tungsten electrodes immersed in running distilled water,
was used as a source of light shewing a continuous spectrum. The
effects obtained with the iron-nickel are and the high frequency
spark are illustrated in figs. 4 and 5. The iron-nickel are was
generally used for the study of broad bands, general non-sele-
ctive absorption and the detection of bands in the far ultra-violet,
the continuous light source being especially suitable for the study
of highly resolved bands.

Ilford ordinary plates (H & D. 70) have usually been employed
and in certain cases faster and panchromatic plates gave better
results. The absorption of the compounds is expressed in molar
extinction coefficients: e — loglo/;/c. d. A series of photo-
graphs is taken on the same plate, each photograph consisting
of a comparison spectram, that is, a spectrum due to a beam
of light which goes only through a cell containing the diactinic
golvent, and in close justaposition the spectram due to the
beam of light which passes through the solution under stady.
For each plate the concentration of the solution and the thickness
of the eell are maintained counstant, the photometer allowing a
change of the density (log Io/T) from 0.1 to 1.5. The points
of equal density are detected, the wavelengths of these points

(1) For a complete description of these instruments consult «The practice of
absorption spectrophotometrys by F. Twyman (1932) and suplements.




Fis. 1 — Hilger Quartz Spectrograph E.

Fio. 2 — Hilger Quartz Echelon Cells,







Fig. 3 — Hilger Sector Photometer Hass.
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determined with a scale, thus providing all the data necessary
for the plotting of the extinction curves. In most of our graphs
the logarithms of molar extinction coeflicients are plotted against
the wave-lenghts in m p.

As solvents, pure hexane and ethyl aleohol (previously treated
with sodium) were mainly used, but for some purposes ether, water,
aqueous soda, aleoholic sodium ethoxide, ete. have been employed.
The comparison of the absorption curves of different substances
has so far as possible, always been referred to the same solvent

Special care has been given to the preparation and purifica-
tion of the different compounds. Ouly after the physical cons-
tants were apparently quite satisfactory (highest and constant
melting points, lowest and constant boiling points), were the
substances submitted to spectrographic study, and in many cases
further purification was controlled by the values of absorption
(constancy of intensities and persistency of the different maxima).

Preparation and purification of compounds by different methods
proved to be a very helpful process to arrive at definitive extin-
ction curves of substances difficult to obtain in a high degree of
purity. The importance of high degree of purity must be empha-
sised because especially with compounds exhibiting low or medium

intensity of absorption, very small traces of a highly absorbing
impurity may completely vitiate the resvlts. Difficalties of this
character are patent in our absorption work on the hydroderiva-
tives of naphthalene.

CHAPTER VI

Ultra-violet absorption spectra of indene and certain
of its derivatives (')

= CII ~
HC G——0H

INDENE | I |
HC C CH

XOH" - OHa .
Previous Work

() CL R. A. Morton and A. J. A. de Gouveia, J. C. 8., 913, 1934.
24
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The results obtained by different workers on the absorption
gpectrum of indene shew certain divergencies. Thus Stobbe and
Farber (Ber. 1924, 57, 1838) and Stobbe and Zschoch (ibid.,

1927, 60, 457) re-
200 250 Joo _mp _ cord a weak maxi-
mum at 281 m p to-
gether with much
| higher absorption
"'"—AW’ towards shorter wa-
ve- lengths, whilst
Charla mpowiczowna
and Marchlewski
(Bull. Aecad. Pol.
Sei. A, 1930, 376)
find a broad unre-
solved band in alco-
holie solntions with
Loar=—249.4 mp,
and @ ypge= 10,900
but instead of a
maximum at 281 mp
their curve merely
flattens out in the
region 270—280m .
i — On the other hand,
Fig. 6 — Extinction curves of indene. Schwartz (Arch.
— in aleohol physique biol. chim.
----in hexane Physique Corps or-
ganisés, 1931,9, 131,
Centr. 1932, I, 643) examined indene in hexane and observed a
maximum at 250 m p with a high extinction coefficient. Maxima
were also found at 280, 270, 262.5, 256, (250 intense), 242,
234 (?), and 220 mp.

by

"; b:_e

Indene was purified by redistillation.

The main absorption of the solutions of indene in alechol and
in hexane is on short wave side of 270 mpu, the extinction co-
efficient reaching a maximum value of about 10,000 near 250 m .
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In aleoholic solations the
maximum of this band lies
at 249 mu (log e 4.07)
and there is a minimum at
232.5 mp (log e 3.86).
In hexane the band flat-
tens at 240 — 255 m p and
the minimum is not evi-
dent.

Over the region 202—
262 mup, indene exhibits
weak and somewhat ill-de-
fined narrow bands, but
the spacing of the maxima
shews that the wave nom-
ber separations of ca 460
and 920 em—' which re-
present vibrational fre-
quencies appearing regu-
larly in the spectra of
hydrocarhons, are also
characteristic of indene
(Table I)

HC
HYDRINDENE !
HC

Z‘:-:

Previous Work

200 So oo mpe
\b/‘”\f
2.
Wl
b
%4 Lo
0.9
Fig. 7 — Extinction curve of hydrindene
in hexane.
LCH _
C——CH.
| I
C CHa
CH” ~CHa

Little or no information concerning the absorption spectrum
of hydrindene can be found.

The Kahlbium product was redistilled at reduced pressure
(b, p. 64°/T—8 mm). The extinction curve (fig. 7) is very
similar to that characteristic of a wide range of benzene deri-

vatives among which may

he mentioned xylenes. The band over

the region 275 — 240 my is resolved in sub-maxima 273 .6 mp
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(log @ 3.20), 267 mp (log e 3.16), 260 mp (log e 3.00),
inflexion 254 my (log e 2.75). The mean vibrational freqaency
is 040 em—"'. A weak band at 291 m p (e)4»=10) appears also,
and although it may possibly be due to a small quantity of impu-
rity, it is very unlikely to be due to indene, as it is already more
persistent than in pure indene. If we couald aseribe this band to
indene, it would correspond to 4°/; of indene in the hydrindene.

Condensation products of indene with aldehydes

The reactive methylene group of indene permits the ready
formation of highly unsatorated derivatives by condensation with
unsatorated aldehydes. Using methyl aleoholic potash as con-
densing agent,

;.:_»CH C=CH.Cs H;s

e e

HC C CH
benzylideneindene | I l
HC U ——=CH
S OH
and
_CH_ _C=CH.CH:CH.CH,
HC C CH
cinnamylideneindene | il I
HC 0——©OH
S OHL

have been prepared following the directions of Thiele
(Ber, 1900, 33, 3398).

Benzylideneindene was recrystallised from alcohol and hep-
tane as gold plates, m. p. 88°: cinnumylideneindene was reerys-
tallised from ethyl acetate in bright gold red needles, m. p. 190°.

Thongh not entirely successful, as we could not separate
any erystals from the product of reaction, we have prepared
the condensation product of indene with crotonaldehyde. As
condensation product we may expect a compound of formula

_ 0 == CHCH = CHCH;
Co Hs -.H‘.H_A: CH '
N CH#
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crotonylideneindene, which has not been previously prepared.
Methyl alcoholiec potash in different concentrations and pyridine
have been tried as condensation agents. The best results were
obtained with methyl aleoholic potash in the following propor-
tions: 34,8 g of indens, 21 g. of crotonaldehyde, 30 cec. of
methyl aleohol and 3 ce. of saturated methyl aleoholic potash.
Under these conditions, after 24 hours, a deep red liqnid is
obtained. This liquid was shaken with water to eliminate the

200 jo 3og 3 Yoo Yo i

Se

AN

= — 2
S, i -
5 “
26
Fia. 8 — Extinction curves of
(1) Benzylidene indene: —in alcohol
«==+ jn_hexane

(2) Cinnamylidene indene : — in aleohol
«s--in hexane.

potassium hydroxide and the methyl ulcohol. The water was
decanted and the yellowish red liquid extracted with petrol
ether. The petrol ether was distilled at normal pressure and the
unchanged ecrotonaldehyde and indene distilled at reduced pres-
sure (D mm). We obtained as residue a very thick red liquid
from which we could not separate any crystals. The absorption
spectra of the petrol ether extract and of the last residue have
been investigated.

The extinction curves of benzylideneindene in hexane and
alcohol shew three broad unresolved bands of high intensity
£ max 340 mp, 280 mp and 238 m i, spaced some 6000 ¢m —!
apart.




846  Revista da Faculdade de Ciéncias da Universidade de Coimbra

The effect of an additional conjugated double bond as in cin-
namylideneindene, is to displace the bands of benzylideneindene,
some 20-30 mu in direction of longer wavelengths, and in addi-
tion the bands are partially resolved. The prineipal maxima are
at 371 mp, 297 mp and 245 mp. Toe third band at 245 mp
is onresolved and is more intense than in indene itself. The
three bands are all of high intensity aund the separations of 6720
em =" and 7150 ¢m =" are of the same order. The vibrational
frequency cannot be specified very accurately, but it appears to
be of the order 1000 ¢m—1'.

The product obtained by condensing crotonaldehyde with
indene shews a very similar spectrum ( maxima at 385, 280 and
202 mp) so that the new absorption owes its origin to the
ethenoid linkage rather than the phenyl group. The 335 and
280 mp bands are resolved in sub-maxima at 349.5 mpu, 31T mp
and 287 mp.

The resalts obtained with this group of compounds are
gommed op in the following Table I

4 max loge 1/hem—1 aem—1 aem—1
(vibr.) (broad bands)

Hydrindeno 213.6 mp 3.25 36550

(in hexane) 267 — 37450 900
260 — 3. 38460 1010
204 — 39370 910
2017 — : 34360

Tndene 291. .21- 34300 a 440
(in hexane) 287. : 34740 960 6330 (b —a)
280. 35700 860
273. 36560 480
270.0 3.23 37040 1130
. 262 38170 2480
246 40650 b

Indene 200.8 . 34390 a

(in aleohol) 286.5 34910 520 BTTO(b —a)
279.5 .65 3HTT70 . 860
249.0 ! 40160 b 4390
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Benzylidene- 340.0 — 4.34 29%410a 6300 (b —a)
indene 280.0 — 4.33 3b6710Db 6310 (e —b)
in hexane 238.0 — 4.22 42020¢
Cinnamylidene - 388.0 — 4.66 25770
indene 371.0 — 4.77 26950 1180
in hexane 858.0 — 4.72a 27800 940
308.5 — 4.26 32420 6590 (b -- a)
207.0 — 4.30 33670 1250
200.0 — 4.24 b 34480 810
245.0 — 4.26 ¢ 40820 6340 6340 (e —D)

Discussion

It is interesting to compare the absorption spectram of inde-
ne with the spectra shewn by styrene and its derivatives. Ley
(%. Wise. phot. 1919, 18, 178; Ber. 1918, 51, 1810) obser-
ved for styrene two weak maxima, 291 mp and 282 mp with
an intense maximum at 246 mp ; « — methyl styrene shewed an
inflexion at 280 290 m p whilst >-methyl styrene gave a band at
293 mp , an inflexion near 277 m g and a strong maximum at
246 mp. Using quantitative methods, Ramart-Lucas and Ama-
gat (Bull. Soe. Chim. 1932, 51, 965) record a practically cons-
tant curve for the compounds CsH; . CH=CH.CH;,C¢Hs.
CH=CH(CH:)».CHz up ton="T7.

Styrene Methyl Styrene
L max. log e L max, log e
201 mp 2.5 288.8 mp 2.6
281.6 — 2.067 217.1 — 2.1
243.5 — 4.07 246 — 4.0

whereas allyl benzene and compounds CsHy . (CHs)y, . CH=CHa,
are spectroscopically indistinguishable from ethyl benzene and in
fact resemble hydrindene. It is thus obvious that the resolved
absorption of low intensity in the region 275 — 295 m p together
with the intense unresolved band near 240 250 m p is common to

b
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indene and to the siyrenes so that the group C¢H;s.C=C. has
its own characteristic spectrum quite different from that of the
phenyl group. Ring closure exerts but little influence on the
absorption beyond perhaps slightly increasing the resolution into
component maxima near 280 — 290 mp . The double bond in
the five membered ring of indene therefore functions similarly
to a true ethenoid linkage.

The ubsorption spectrum of benzylideneindene may be com-
pared with those of stilbene and diphenyl-butadiene.

O =R #F N Ol
: | b ok
| 4
I CH CH
. s . - CH=CH Ph wr Sy
e N NS N <
Fa C= CHPh . . CH
Il
CH Ph

» max 340, 280, 228 m

log e 4.3, 4.3, 4.2

% max 323, 204 m

log ¢ 4.45, 4.55 (Cas-
tille Bull. Sci. Acad, Roy.
Belge, 1026, 12 498).

1 max 322, 288, 222
mp loged.1,4.3,4.1
(Ramart-Lucas and Ama-
gat, loc. cit ).

% max 320 mp

log e 3. 15 (Radulescu
and Barbulescu, Ber.
1031, 64 . 2225.

» max 316.5, 328.4,
312.5 mp loged.7,
4.68, 4.6 (Castille,
loc. cit.).

Both stilbene and diphenyl-butadiene shew a very broad
absorption band extending from 250-350 mp approximately.
The absense of a well-defined band with a maximum at 280 mp
in diphenyl-butadiene is not evidence of the absence of the cor-
responding chromophorie group, becanse the absorption curve
is so unusuvally broad as to indicate that the observed curve is
really a summation curve. In benzylideneindene, the separate
bands which are fused together in stilbene and diphenyl-butadiene
are quite clearly shewn. Confirmation of the 280 mp band is
obtained from the data of Stobbe and Reuss ( Ber. 1912, 45,
3496) on « y-butadienyl benzene which shews a single unresol-
ved intense band at 282 mp. Radulescu (loc. cit.) records for
diphenyl-hexatriene high absorption in the near ultra-violet, with
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sub-maxima at 373,355, and 335 m p, whilst the corresponding
values for cinnamylideneindene are 388, 371 and 358 .5 m u.

In all these compounds the act of absorption concerns all
electrons belonging to the — C =C — group either in the ring
or as a true ethenoid linkage.

The absorption curve will natarally be influenced by vibra-
tional frequencies, but the fundamental eromophore is a double
bond. This simple chromophore forms a part of complex ehro-
mophores in which double bonds are conjugated. The following
chromophores are thus possible:

(1) —C=C— () —C=C.C=C— (3) Ce Hs—

(4) C¢H;.C=C— (b)) C¢ Hy—C=C—-C=C—
and (6) Cs Hs.(CH:CH)s.Cs Hs.

(1) and (2) give rise to absorption on the short wave side
of 230 mpu only. (3) gives rise to absorption near 260-270 mp
of log e 2.6 whilst (4) gives rise to two types of absorption
one of log e ca 4 at 200 mp and another of log @ ca 2.5 at
270-290 mp; (D) gives rise to a band of high intensity near
280 mp whilst (6) oceasions three bands.

Now this notion of complex chromophores would be greatly
enhanced in value if it conld be stated at which double bond the
different acts of absorption oceur.

A notation to express such localisation may be suggested :
considering chromophore (4) there are obviously two alterna-
tives at least:

(a) Ph.CIC. (b) Ph.C:C.

but further consideration of this aspect of the problem may be
deferred, pending the accamulation of further evidence of hydroa-
romatic hydrocarbons, but it is plausible to suggest that the
bands at 270 — 290 m p of indene are due to (b) since loge 2.5
(ca) is shewn in benzenoid compounds like toluene and tetralin.

Summary

(1) The absorption spectra in alcohol and hexune of hydrin-
dene, indene, benzylideneindene, cinnamylideneindene were inves-
tigated.

(2) The extinetion curve of hydrindene is of benzenoid type
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(similar to xylenes, allyl benzene and compounds Cs Hys.(CHas),.
CH==CHg, ete.). The chromophore is therefore located in the
benzene ring and is only slightly influenced by the five membe-
red ring.

(3) The absorption spectrum of indene is very similar to that
of styrene and alkyl derivatives C¢ Hy . CH=CH . (CHs),.CHj.
The absorption is due to the complex chromophore Ph.C:C.
some evidence being obtained concerning the mechanism of absor-
ption. It is assumed that the band over the region 292 — 262 m
is produced by an absorbing electron of the benzene ring under
the influence of the conjugated ethylenic linkage ; the vnresolved,
intense 249 mu band is due to an absorbing electron from the
ethylenic linkage influenced by the benzene ring.

(4) The vibrational frequencies 460 cm—' and 920 em—!
appear in the spectrum of indene; the 940 em—! in hydrindene.

(b) Three regions of absorption are exhibited by benzylide-
neindene, cinnamylideneindene, and crotonylideneindene separatde
by 6000 — 7000 em="'. The separations of these regions are of
the same order us those of certain highly unsaturated compounds
(e.g. carotene, lycopene, ete.).

(6) Correspondence between different regions of absorption
and different echromophores is inferred.

CHAPTER VII

Ultra-violet absorption spectra of naphthalene
alkyl-naphthalenes, hydro-naphthalenes, and
related compounds (})

NAPHTHALENE

Early work on naphthalene (ef. Baly and Tuck, J. C. S. .
1908, 93, 1902) was hampered by the lack of a light source

(1) Cf. R A. Morton and A. J. A. de Gouveia, J. C. 8, 916, 1934,
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shewing a continnous spectrum and by the semigquantitative
methods then in use for determining intensities of absorptiun.
It is not surprising therefore that maxima were only observed
at 320, 311 and 270 mpx. Henri and Steiner (C. R. 1922, 175,
421) obtained a very much better resolution of the spectral
absorption of naphthalene dissolved in hexane, and found a large
number of narrow bands resembling those observed in naphtha-
lene vapour. De Laszlo (Z. physikal Chem. 1925, 118, 369)
confirmed and extended the work of Henri and Steiner. S. Kimara
(Mem. Coll. Sei. Kyoto, 1931, 14, 303) examined aleoholie sola-
tions of naphthalene, but his resalts are not in agreement with
earlier work, particularly with respect to extinction coefficients.
Kimura’s paper shews that good resolation was obtained by him
and the wave-lengths of maxima agree closely with other data,
but the intensities oi absorption appear throughout to be much
too high. Not only are the extinction coefficients rather more
than 10 times too high, but the persistence of individual bands
is greatly exaggerated. The influence of these errors lies in the
fact that Kimura’s data on the hydro-naphthalenes, which are
the only results based on quantitative methods which we have
been able to trace, exhibit similar defects.

We have repeated the study of the absorption spectrum of
naphthalene in hexane and alcohol. It is not perhaps easy to
determine extinction coefficients with high accuracy at the actual
maxima of narrow bands such as those of naphthalene, but we
found no difficulty in obtaining substantially the same results as
Henri and Steiner and De Laszlo. The absorptiou of naphtha-
lene in hexane and aleohol is entirely the same: the order of
resolution is the same in both solvents and the maxima appear
in the same positions. In our work the band of high intensity in
the further ultra violet was resolved in two sub-maxima at 221.0
mp and 217.5 mp; although it has been observed with other
compounds the quantification of vibrational energy in this region
of the spectrum is not usual.
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The data of De Lasxlo, ours and those of Kimura are com-
pared in the following Table:

De Laszlo data Our data in Kimuora's data in

in hexane hexane aleohol

A max log e 3 max log e 3 max loge
320.6mp 1.21 320.5mp 1.3 338.4 mp 0.5
314.5 — 1.94 314.8 — 1.9 881 :9—r 3.0
8108 — 12,30 311.0 — 2.b54 316.0 — 3.0
306.6 — 2.16 306.8 — 2.4 312.6 — 3.95
303.8 — 2.09 804.5 — . 2.4 307.1 — 8.5
300.9 — 2.30 302.0 — 2.54 305.9 —'.:3.5
209.2 — 2.36 299.8 — 303.1 — 3.8
207.3 — 2.50 207.5 — 2.6 301.9 — 3.05
203.0 — 2.06 200.2 — 3.8
288.0 — 3.68 286.50 — 3.74 288.8 — 4.95
286.2 — 3.68 2830 —  8.74 286.6 — 4.06
283,0 — 3.68 282.56 — 4.8
216.8 — 3.81 2760 e 8 .90
2712.2 — §.81 872.2 — 3.9
266.0 — '3.68 266.5 — 3.7T8 268.4 — 4.5
261.8 — 3.68 256.5 — 3B.70
2n8.2 — 8.60 221.0 — b5.18 2586.T — 3.9
220.2 — 4.98 217.5 —~ b5.18

Our extinction carve is given in fig. 9

ALKYL-NAPHTHALENES

The absorption spectra of a number of di — and tri — substi-
tated alkyl-naphthalenes kindly supplied by Prof. I. M. Heil-
bron and Dr. D. G. Wilkinson have been examined and the data
are reproduced in Table II and figs. 10, 11, 12, 13, 14, 15,
and 16.

st — DIHYDRONAPHTHALENE

Kimura examined A! — dihydronaphthalene prepared from
ac-totraydro — 3 — naphtol by dehydration with potassiom




Unsubstituted
rmax loge
3205 mp 1.3
314.8 1.95
311.0 2.54
306.8 24
304.5 24
302.0 2.54
200.8

207.5 26
286.5 3.74
283.5 3.74
27H.5 3.90
2722 3.90
266.5 3.78
256.5 3.70
2210 518
217.6 b.18

1— Methyl
rmax loge
322.2 mu 1.62
318.7 2.13
314.0 2.30
307.0 24
302.8 2.6
200.0 27
2932 3.564
280.0 3.56
281.0 3.71
270.5 3.69
220.5 4.08

2 — Methyl
imax loge
325.8 mp 1.65
319.0 2.54
314.0 2.31
3108 243
304.0 2.56
207.8 2.50
2040 2.68
287.0 348
275.1 373
266.0 3.68
2208 4.08

2:8—-Dl-
methyl
wmax loge
322.8 mp 3.16
316.2 273
310.0 293
303.1 2.64
206.3 2.4

BROAD UN-
272.5 3.68
RESOLYED

2:7 -Dl=
methyl

% max log e
321.5 mu 2.32
317.5 243

312.4 241
307.2 263
303.1 2.05
BROAD ON-

275.0 3.60
RESOLYED

1—Methyl
-5 —ethyl
wmax loge
321.2 mu 246
317.0 2.70
3120 2,86
805.0 8.3
2088 3.83
287.0 308
276.0 3.86
2675 a.70
2585 347
2284 6.25
222.0 6.04

1—Methyl

-8 —athyl

amax  log e
3220 me 2.15
3149 293
307.0 3.24
201.0 373
280.8 3.86
273.6 3.81
228.0 6.04
2230 404

TABLE 11

I — Methyl 1:3:56—Tri-
=T —ethyl meathyl
Aamax loge imax loge
3215 mu 2.03 3244 myu 2.68
317.2 2.54 310.2 253
315.0 2.62
a810.0 2.90
307.0 2.97
2902 3.78
2018 397 205.1 3.84
' 2005 390
281.8 3.00 258.0 3.07
287.0 a3.90
2740 3.8 207.2 3.80
2287 5.01 231.3 5.30
225.0 5.00 226.1 6.1G

NOTE: Numbers underlined represent inflexions.

Absorption maxima of naphthalene derivatives in hexane solutions

1:3:8 —Trl-
methyl
imax loge
325.8 mu 3.18
320.1 2.01
3158 2.06
311.0 3.10
8060 815
208.0 3.65
206.0 3.70
285.0 383
277.5 3.70
231.5 512
225.0 5.03

2:3:5—Tri-
methyl

A IMAx log e
323.2 mu 248
318.6 270
313.0 2.71
307.8 258
206.0 3.76
283.8 3.89
2730 3.86
264.8 3.73
220.8 b.06
2256.3 5.06

1:6=Dimethyl
4 -is0 propyl
[(cadalena)
A MAax log e
325.3 mp 3.3
317.4 2.99
3102 3.36
808.0 3.55
800.0 875
205.4 3.84
284.0 3.90
279.8 3.00
275.0 a.973
232.0 4.96
228.0 4.02

Quinoline
Lmax loge

3108 mu 38

305.8 3.5
200.1 3.55
292.6 3.55
286.8 3.55
2756.3 3.6

iso guinolina

imax loge

317.5 myu 3.55
3125 3.42
3092 3.37
304 6 330
208.5 350
290.0 3.38
2B4.3 3.38
262.0 3.5
2272 a.9

2165 4.70
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Fia. 9 — Extinetion curve of naphthalene

in aleohol.
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Fig, 11 — Extinction curve of 1 - methyl —
6 - ethyl naphthalene in hexane.
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Fia. 10 — Extinction curve of 1 - methyl —
5 - ethyl naphthalene in hexane.
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Fio. 12 — Extinction carve of 1 - methyl —
7 - ethyl naphthalene in hexane.




1.0
F.c. 13 — Extinction curve Fig. 14 — Extinction curve
of 1.3.5. - trimethyl naphthalene in hexane. of 1-3 -8 - trimethyl naphthalene.

Fia. 15 — Extinetion curve
of 2-3 -5 - trimethyl naphthalene. Fio. 16 — Extinction curve of cadalene.
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hydroxide and parified by distillation (b. p. 206" — 207°) over
metallic sodium. Five maxima were obtained :

Lwas 822.0 317.0 312.!
loge. 0.27 0,66 1.p

In the present work three specimens have been examined :

(1) a redistilled parchased product (m. p. — 12°; b, p. 200°
— 210°) which was shewn to be free from A* — dihydronaphtha-
lene by the fact that the

derivative prepared with -]
mercuric acetate was enti-
rely insoluble in benzene. ko \

(2) a second purcha- T

sed product after repeated
fractional distillation un-
der reduced pressure (m. 3o
p-—12%; b. p. 81° —
—83°/6 — 7™,

(3) a produect obtai-
ned (F. Straus and L.
Lemmel, Ber. 1913, 46, $°
236), by the action of 5%,
sodium ethylate on A? — fo
dihydronaphthalene (m.
p- 25.5°) by heating in
a sealed tube at 140° —
150° for 8 hours (b. p. 83° |
— 84°/H6™"; m. p. —4°).

The differences found
in the absarplion of the Fia. .l? — Extinction curves of Al —
three specimens are illus- dibydronaphthalene in hexane.

—— Sample (1
trated in fig. 17. Thesam- | M:P 7 52;
ple (1) shews maxima at ceen 3 (8)

320.8 mpy (log  0.32),

311 mp (log e 1.38), and an inflexion at 306 mp (log e 1.34);
in the sample (2) all the bands of low extinction disappear
except that at 311.5 my of which the intensity is reduced
to log @ 0.8 and loses its persisience; in sample (3) the
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maxima of low extinetion although of lower intensity and per.

sistence than in sample (1) appear again: 320.7 mp (log

e 0.10), inflexion 314.5 my (log e 0.72), 311.5 mp (log
e 1.26).

(2) is evidently the best sample of which the extinetion eurve

is given in fig. 18, The

200 250 300 wma  impurity of samples (1)

end (3) appears to be

naphthalene as this

\ compound exhibits

& sharp maxima at 320.5,

\/ 314.8, and 311.0 mp.

The absorption of

Al —. dihydronaphtha-

lene exhibits a well de-

\‘\ fined maximum at 262

Q) mu (log e 4.01) which

\?E-ci in hexane solution re-

presents the peak of a

broad unresolved hand.

The earve shews a fee-

1.0 ble inflexion near 273

H mp and there is also

4.0

] a narrow band bet-
3 ween 200 and 300 m g
ool (£maz 296 mp, log e

Fia. 18 — Definitive extinction curve of st —  2.068). The very weak

dibydronaphthalene in hexane. band at 311.5 mp may

have been due to the

presence of a trace of impurily, since its intensity varied

in the three samples and was almost negligible in the best
prodaet.

The intensities of absorption recorded by Kimara are again
too high, but by applying a correction similar to that required for
naphthalene the intensity of absorption at 277.5 mp may be
reduced to sbout log e 4. This procedure does not however
suffice to bring our results and those of Kimura into agreement.
In order to test the possibility that Kimura’s data are vitiated
by eontamination of his pro uet with naphthalene, we may tauke
his own data:
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Naphthalene Al — dihydronaphthalene
+ max e max L max € max
321.9mp 357 322.0mp 1.86
316 0 — 891 317.0 — 4.47
312.6 — 71.61 312.6 — 21.38

From the first two values of e, it is pussible to infer the
presence of 0.5%, naphthalene in the A' — dihydronaphthalene.
It is searcely possible to doubt the presence of appreciable quan-
tities of naphthalene in view of the good agreement of the wave
lengths of the maxima. Had Kimara's preparation consisted of
99.5% of A' — dihydronaphthalene, he should have been able
to record the 262 mu band. The appearance of an unresolved
band with ite maximum at 277.5 mp indicates that superimposed
on the absorption of A! — dihydronaphthalene is that of naphtha-
lene present in appreciable amount and displacing the ohserved
maximum,.

A? — DIHYDRONAPHTHALENE.

In the earlier literature there appears to have been some
confusion between A! and A? — dihydronaphthalene. Thus Baly
and Tuck (loc. cit.) examined a dihydro-derivative and found
qualitatively the same bands as in naphthalene, the intensities
being about 1/10 of those recorded for the parent substance
except at 270 my. In any case the published data allow the
presence of appreciable quantities of napbthalene to be inferred.

The A? — dihydronaphthalene used in the present work was
prepared as follows: Naphthalene was reduced by means of
godium and ethyl aleohol (Bamberger and Lodter, Ann. 1895,
288, 75) and A? — dihydronaphthalene obtained by steam distil-
lation yielding erystals (m. p. 16°; b. p. 212°). The crade
product dissolved in ether was shaken during 24 hours with a
saturated aqueous solution of mercaric acetate (Strauss and
Lemmel, Ber. 1913, 46, 236) and an addition compounnd prepa-
red and recrystallised. From this, all A' — dihydronaphthalene
was eliminated easily by extrsction in a soxhlet apparatas with
benzene, the A? — dihydronaphthalene addition compound alone
being soluble. The purified material (m. p. 120°) was treated

26
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with 30%y hydrochloric acid and the A? — dihydronaphthalene

regenerated (m. p. 20 —26°). The final product was obtained

by redistillation and yielded perfectly colourless erystals m.
p- 25° (Strauss and Lemmel give m. p. 24.5°— 25°).

The absorption curve of this material in hexane consisted of

a series of narrow

200 2 3oo M A bands of very low
extinetion coefficient
(1.5 —10) between
331 and 297 mp

with ill-defined
\-/ bands at 293, 287

and 262 mp and
well-defined bands
at 274 and 267 mp,
€uaxe 8D0 and 800
respectively.

The data are
reproduced in Ta-
ble IIT and fig. 19,

The complete
absence of naphtha-
lene from this mate-
rial is very difficalt
to guarantee, al-
though the prepara-
tion studied satisfies

Fio. 19 — Extinction curve of a2 — the usnal criteria of
dihydronaphthalene in hexane. purity.

The group of
bands at 274, 267 and 262 m . agree with a benzenoid substance
containing an additional ethenoid linkage not conjugate to the
benzene ring. Such a double bond would not be expected to
affect the absorption appreciably, and A? — dihydronaphthalene
and 1.2.3.4 — tetra-hydronaphthalene should on this basis be
practically indistinguishable as regards ultra-violet absorption.
How then are the narrow bands of low intensity to he accoun-
ted for ?

The following possibilities mast be considered: —

(a) that the bands are dae to naphthalene.
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() that the bands are due to a small quantity of an addition
compound between naphthalene and A? — dihydronaphthalene
(Bamberger and Lodter, loe. cit., deseribe a material of m. p.
43° — 44° which may be of this type).

(c) that the bands are due to a hydronaphthalene of anknown
structare with two double bonds in each ring.

Suggestion — (a) suffers from the disadvantzges that the
331 m p inflexion and the 328.5 mpy and 324.5 mp bands are
not shewn by pure naphthalene, neither do the relative intensities
of the different bands correspond with those of naphthalene.

To test (b) the first four or five bands may for the moment
de left out of consideration and attention directed to the follo-
wing bands :

A? — dihydronaphthalene.

Amax 311.0 306.5 303.7 301.0 297.0 293.0 287.0 mp
omax 5.1 4.2 4.2 5.7 7.6 30 100

Naphthalene

fmax 311.0 306 8 304.D5 302.0 207.5 293.0 287.0 mp
o max 34D 257 257 345 400 450 6900

Proceeding on the assumption that the above good agreement
in wave-lengths of maxima indicates contamination with naphtha-
lene, the percentage of impurity may be caleulated as 1.65%,,
1.639%, 1.630/,, 1.65%, 1.91%, 1,469,

Thus the possibility of the presence of 1.60/y of naphthalene
cannot be ruled oot in spite of the very careful purification since
the stability of A? — dihydronaphthalene may be less than has
been hitherto assamed.

Now the extinction coefficient of pure naphthalene at 275.5 mp
is of order 7000. 1.6"%, of naphthalene corresponds with 110
whilst the observed e value for our A? — dihydronaphthalene at
274 mp is 850, The intensity of absorption of the dihydroderi-
vative is therefore high enough largely to mask the effect of
1.6% of naphthalene. The is therefore reasanable evidence for
regarding the bands e — 1 as possibly due to contamination
with naphthalene. This hypothesis does not however account
for bands a — d and the possibility of a naphthalene — A? — dihy-
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dronaphthalene addition compound now merits further conside-
ration,

A preparation of A2 — dihydronaphthalene containing unchan-
ged naphthalene and of m. p. 40° — 45° was therefore prepared
and examined, and the bands a —d were found to be entiroly
lacking. This material, from its absorption spectrum seems to
be a 1:1 molecular compound, and there is no trace of the 328
m p band.

It seems therefore that this band must be due to a new substance,
probably an isomerie dihydronaphthalene, e.g:

s
H Hs H -/
Z N Vit 5 AN
Py - B TN
.'}Q./.l\\..;-"‘ -\ '4,’- ““‘\-‘ -"r -:::H.‘.. /.%./-

H Hs

It must however he emphasised that the absorption spectrum
of our product is entirely consistent with A? — dihydronaphtha-
lene as the prineipal absorbing constituent.

TETRAHYDRONAPHTHALENE

Kimara (loe. eit.) purified commercial tetralin by distilling
(b. p. 204°—206°) and obtained and absorption curve very
like that of naphthalene.

Similar treatment of parchased tetralin gave in our hands a
product shewing almoust exactly the same bands as those obtained
by Kimura, except that the extinction coefficients were throughout
about 1/10 of those recorded by him, but the data unfortunately
agree very well with a produet containing 10°/; of naphthalene.
Attempts to remove naphthalene as picrate fail when the tetralin
contains 109/, of naphthalene.

As one of the poussible impurities of tetralin is the dihydro-
naphthalene, 50 ce of tetralin diesolved in ether were treated
with the saturated solution of mercuric acetate in water and
shaken during 24 hours. Only a small yellow preecipitate was
obtained, the tetralim being entirely free of dihydronaphtalene.
After this treatment, the absorption spectrum of the redistilled
tetralin does not present any improvement.
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Accordingly the bariam salt of tetralin-sulphonic acid was
prepared following Willstatter and Seitz (Ber. 1923, 56, 1392).
This was converted into the sodiom salt, which was recrystalli-

sed, and the tetralin
200 0. dee Inis regenerated by adding
3 66 °/y sulpharie acid
and fractionally distil-
ling with steam suoper-
yo — heated to 160" — 180",
z In the purest fraction,

/_\ the most intense bands
\‘ were at 274 and 267 mp
4

log e 2.91 and 2.87
respectively. The ma-
l terial was not however
55 pure as bands in the

L region 280 — 320 mp
!

1

were present at inten-
gities indicating some
20/y of naphthalene.

lo A\ Several hundred
grammes of barium te-

\ tralin-sulphonate were

e | 1 : then prepared and frac-

Fie. 20 — Extinetion curves of tionally erystallised,
(1) Barium benzene sulphonate the progess of the pu-

(2) Barium tetralin sulphonate rification being control-
(3) Barium naphthalene sulphonate in water. led spectrographically.

In order to facilitate
control the corresponding barium salts of naphthalene and of ben-
zene-sulphonic acids were prepared and their spectra measured:

(CiH;S03)sBa (C¢H;803)2Ba
A IDAX. M w 2 max A MAX. M u 2 max.
317.0 650 269.3 bbb
312.5 820 260.1 340
306.7 1200 262.7 620
303.2 1600 258.4 430
280.0 G000 256 .4 450
202.1 310
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The characteristic bands of the naphthalene sulphonate were
observed in the impure tetralin sulphonate, but after many reerys-
tallisations from water, a produet entirely free from them was
finally obtained: pure barium tetralin sulphonate:

A max. 217.8 271.1 266.0mp
8 max. 840 840 700

This result agrees well
with the data of Hantzsch
on tetralin — 2 — sulpho-
nic acid in various sol-
vents, bands at 227 — 278
mp and 269 —271 mp.log
e =3 being recorded
(Ber. 1927, 60, 1933).

The purified bariom ¥
salt was converted into i,
the sodium salt which was 10 EH
recrystallised and found ; \ i
on examination to be free \
from selective absorption
in the region 200—320 my. o

Tetralin was regene- Fi. 21 —This figure shews the different stages
rated by the action of 4 of Ipuri[ic{aliau of tetralin.
superheated steam on the e bl e

Extinction curves of
acidified sodiom salt, and _.__ copmercial tetralin distilled over sodiuu,
redistilled under reduced —— definitive curve
pressure. The final pro-
duct exhibited two sharp maxima at 274 and 267 m g, the e values
being ¢ a 760 and 740 and an inflexion at 261 mp (e =600).

In the course of the recrystallisation of the barium sulpho-
nate a rather elusive «impurity» was encountered. Three sharp
equally intense bands were repeatedly observed at 321.5, 313.5,
and 306.7 mp and were unmistakeably difterent from those of
barium naphthalene sulphonate. Unfortunately, the material res-
ponsible could not be isolated as on reerystallising fractions
exhibiting the bands, the selective absorption disappeared both
from the mother liquor and the erystals.

The results may be possibly construed as a hint that isome-
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ric tetrahydronaphthalene may exist in equilibrium. The pro-
portion of the anomalous material is however quite small, an i
it is clear that the principal constituent of commercial tetralin
is a substance devoid of the 200 — 320 m u narrow bands pre-

200 > .\FJ:__

¥

\

Fia. 22 — Definitive extinction curve of tetralin in hexane,

sent in naphthalene. Its absorption is in fact reasonably close
to that of the xylenes.

Baly and Tuck (loe. cit.) describe the absorption spectram
of 1.2.3.4 — tetrahydronaphthalene. One maximum only
appears (ca 256 mp) in the published curve, the intensity being
apparently just as great as that of naphthalene at 272 mp
(log e 4). It is difficalt to understand this observation, espe-
cially since the authors examined the so — ealled « — tetrahy-
dronaphthalene PRGNy

made by the reduction of naphthalene by means of phosphorus
and iodine. The pablished curve for this material agrees closely




Contributions to the Study of the Rile of the Double Bond, ete.

365

with oar data for 1.2.3.4 — tetrahydronaphthalene, eontami-

nated with a little naphthalene.

TETRAHYDRO-NAPHTHOLS

Komatsu, Masumoto and Kumamoto (Mem. Coll. Sei. Kyoto,
1924, 7, 287) have examined ar — tetrahydro — «-— naphthol and
ar — tetrahydro — 5 — naphthol. The former shews two maxima
at 281 and 269 mp and the latter at 286 and 267 mp, the extin-
ction coeflicients being apparently of the order 1000 — 2000, This

2oo _;fo_ ﬁgo LaW
30 \ /-’u‘
by
: \
9|
é:
{.0

Fia. 23 — Extinetion curve of ae — tetrahydro — 3 — naphthaol
in alcohol.

may be compared with the more recent data of Conrad-Billroth
(Z. physikal Chem. 1933, 20,

xylenols: —

1.2.3 —xylenol

222)on 1.2

A MAax. mu
279.0
213.0

270.3

e max

1690
1530
1430

33— and 1.3.4—
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1.3.4 — xylenol 280.9 1850
274.0 1670
2564.56

We have examined ac-tetrahydronaphthol with the fol-
lowing results :

} max. 273.0 266.0 mp
log e 3.15 3.14

The material (b. p. 135°/5™) also shewed very feeble infle-
xions at 296, 315, and 32D mp due almost certainly to a trace
of impurity.

HEXAHYDRONAPHTHALENES and RELATED COMPOUNDS

At this stage a very wide problem is opened up, which may
be stated in general terms by the assertion that contrary to
expectations certain polyeyelic substances containing only
two double bonds within the ring system exhibit marked and
characteristic selective absorption. Thus it becomes especially
important to establish the speetra of various isomeric hexa-
hydronaphthalenes or related substances, in order to find the
conditions under which two double bonds can constitate a chro-
mophore.

The speetrographie study of the hexahydronaphthalenes is a
matter of considerable difficulty because the necessary degree
of purity is neither easy to achieve nor maintain. Hence the
stady of the absorption spectra oi this groups was commenced
with two terpenes, cadinene and isocadinene, both being hexa-
hydroderivatives of cadalene. The presence in the molecales of
the methyl and isopropyl groups will not appreciably affect the
absorption of the hexahydronaphthalene nucleus as may be con-
cluded from the study of the alkylderivatives of naphthalene.
The alkyl groups may in fact to a certain extent protect the
hexahydroderivatives from oxidation.
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CADINENE

The dehydrogenation of cadinene to cadalene reveals the car
bon skeleton CH3s

P 0
- - -

J | -I—CHa ad

S
i
CH
&k
H3;C CHjy

and on the bagis of the failure of all attempts to reduce cadinene
with sodiam and amyl alcohol, the ozonolysis of this compound
into an acid with 15 earbon atoms and other data (Semmler and
Stenzel, Ber. 1914, 47, 2505), Ruzicka considers that cadinene

is either CHjy CH;
| |
e e ox K
| |
/.| . CHs . . . CH3
e S g
| I
CH CH
lr." '\\. ,f \
H3;C CHj HgC CHg

or possibly a mixture of both isomerides.

Cadinene was preparad according to the instructions of Ruzi-
cka and Meyer (Helv. 1921, 4, 505) from cubeb oil and also
from eade oil. The oils were fractionated under reduced pres-
sure and the fraction 125° — 138°/12™" was dissolved in ether
and saturated at 0° with dry hydrogen chloride. The cadi-
nene dihydrochloride erystallises in needles from the other
solution and is purified by reerystallisation from eihyl acetate
(m. p. 117°—118°). The dihydrochloride was refluxed with
an aleoholic solation of caustic soda, the aleohol distilled off
and the regenerated cadinene distilled under reduced pressure
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b. p. 138°/12™, This material dissolved in hexane exhibits
selective absorption with the following maxima :

A max. e max 1/hem—1 Aem—1 mean Aem—1
323 .5 mp 54 30910
307.56 80 32520 1610
202.0 115 342500 1730 1663
278.5 133 35000 1630
246 480

A second preparation from cade and cubeb oils yielded the
dihydrochloride in quantity, so that it could be recrystallised
several times from ethyl acetate until the m. p. 117° was abso-
lutely constant. Treatment with alcoholic soda.again vielded
the hydrocarbon of b. p. 136°.— 138°/12"=,

The absorption spectrum in hexane shewed the following
maxima :

i max. & max.
323.5 mp 5.5
307.5 8.5
246 480

The narrow bands shewa in the first specimen are thus reduced
to 1/10 of their original intensity, although the 246 »ip band
persists unchanged. The latter only ean therefore survive as a
property of cadinene itself. The narrow bands must however
be due tv a substance capable of yielding a crystalline hydro-
chloride separable only with great difficulty from cadinene dihy-
drochloride, or else a certain amount of cadinene is oxidised
during the regeneration and redistillation. Successive redistilla-
tions of cadinene have shewn an increasing intensity for the
narrow bands over the region 323 — 308.5 m p.

In order to ascertain whether the narrow bands over the
region 323.5—278.5 my belong to the absorption spectrum
of cadinene or whether they are due to a more highly unsatu-
rated impurity, the aleoholic solution of cadinene was treated
with metallic sodium. No change in the molecule of eadinene
is to be expected as the double bonds are not conjugated.
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The hydrocarbon was thrown out of solution by dilution with
water and the separated eadinene was dried in an exsicator
over caleium chloride. The absorption spectrum of cadineno
after this treatment shews only a very shallow band over the
region 245 — 250 mp, the intensity being the same as that
shewn by the previous samples: all the narrow bands disappea-
red and were therefore due to an impurity, which probably

200 250 o e
A\
20
9]
-ﬂ \‘u\-.
‘f
ool

Fia. 24 — Extinction curve of cadinene in hexane.

possessed two or more conjugated double bonds. The definitive
extinetion curve is given in fig. 24. :

isoCADINENE

Cadinene is isomerised when treated with the Bertram-Wal-
banm mixture, with acetic acid at 230" — 235" under pressure
or with formic acid at 100" and transformed in isocadinene
( Henderson and Robertson, J. 1024, 125, 1992: Robertson,
Kerr and Henderson, ibid, 1925, 126, 1946).

Isocadinene, although a hexahydroeadalene, differs from
cadinene in that it does not yield a crystalline hydrochlo
ride.
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Robertson and Henderson suggest that it is possibly repre-

CH3;
sentend by |
LI

J!
'-l .—CHj

T N

i —

|

CH

A
H; C CH;

bat no direct proof of this is available.
In the present work isocadinene was prepared according to
the directions of Heunderson and Robertson (loe. cit.). Cadi-

e 2. g  mp

o \
X

Fia. 25 — Extinction curve of isecalinene in alcohol.

nene (5 g.) and glaeial acetic acid (15 g.) were heated together
in a sealed tube at 230° — 235° for 24 hours. The colourless
oil which separated on neutralisation was purified by distillation
onder diminished pressure, b. p. 102° —105° /4™,
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The absorption ecurve exhibited by this product shews the
following maxima :

1 max. 822 , 3815 , 219.56 , 262.5mp
€ max 14 , 14 , 443 , 569

An aleoholie solution of isocadinene was subjected to a very
mild reduction with metalliec sodium. The absorption of the iso-
lated materiul exibhits only the following maxima:

2 max 2719.5 , 262.5 mp
e max 440 , D8O

The intensities of these bands are note different from the first
resolts which means that only the material (impurity) responsi-
ble for the narrow bands 322 mp and 315 mp had been hydro-
genated.

W =

R e
|
|

-

1.2.3.4.9.10 = HEXAHYDRONAPHTHALENE
was prepared by treating S il
dibromonaphthane with quinoline at 200° (Leroux, C. R. 1910,
151, 384). Deecahydro — 3 — naphthol, recrystallised from
hexane, was used as the starting materjal, and on dehydration
yielded 1.2.3.4.5.8.9.10 — octahydronaphthalene.

50 g. of decahydro — [ — naphthol were mixed with 100 g.
of recently fused and pulverised potassium bi-salphate in a 250 c ¢
pyrex Claisen distilling flask. The mixture was heated in an
oil bath. the temperature being increased slowly until it rea-
ched 200° —220°. The dehydration then took place and the
octahydronaphthalene distilled with a little water. The product
was dissolved in ether, shaken with aqueous potash, washed
with water, dried over anhydrous sodium sulphate and redistil-
led (b. p. 183° —184°). The crude octahydronaphthalene was
then fractionally redistilled under reduced pressure, the fraction
distilling at 71°/7™ or 43.5°/0.5—1"" bheing collected.
A chloroform solution of octahydronaphthalene (23 g. in 150 ce.)
was cooled to—20° and a 20°/y solution of bromine in ehloro-
form was added drop by drop until a slight excess of bromine
was evident by the persistence of a pale yellow colour. The




872  Rewvista da Faculdade de Ciéncias da Universidade de Coimbra

mixture was shaken with a dilate aqueous solation os sulphu-
rous acid, and aftetwards with water, dried with anhydrous
sodium sulphate and finally the chloroform distilled off After
cooling, a erystalline residue was obtained and dissolved in hot
alcohol. Colourless needles and an oily liquid were separated
from the alcoholic solution. The colourless needles were reerys-
tallised from alecohol (m. p. 83°) and found to correspond with
the material described by Leroux (Ann. de Chim. et de Phys.
1910, 21.,(8).473) as cis — 2.3 — dibromonaphthane. The red
oily liquid was cooled with solid carbon dioxide and ether:
colourless crystals were separated and recrystallised from aleo-
hol (m. p. 41°). Aeccording to Leroux (loc. cit.) this is a mix-
tare of cis dind trans—2.3. dibromonaphthane.

16 g. of ¢is.2.3. dibromonaphthane were mixed with 25 g.
of quinoline in a sealed tube and heated at 200” during 20 hours.
The residue was extracted with ether, shaken with diluted sul-
phurie acid and water, dried over anhydrous sodium salphate,
the ether removed and the hydroecarbon redistilled, the fraction
boiling at 65°/1.2 mm being collected.

This material exhibits the following maxima:

) max. 319.4 314.0 311.50 309.5 305.0 296.5 288.0
loge 063 0.26 066 0.71 0.72 1.06 1.91

Jmax. 2840 274.0 267.2 261.0 mp
loge 200 2.38 2.30 2.18

These maxima are undoubtedly due to naphthalene (ea 1.3,
calcnlated from the intensity of the 311.5 my band) and tetra-
lin (ea 31", from the 274 mg band).

It appears from the above data that the hexahydronaphta-
lene prepared as described suffers considerable oxidation-reda-
ction yielding the more stable compoudds tetralin, naphthalene
and probably decalin.

( Continua )

ANTONIO JORGE ANDRADE DE GOUVEIA.



Calculo Simbolico

(coNTINUAGROD)

CAPITULO II

OPERADORES DIFERENCIAIS

110. A derivagdo & uma operaciio uniforme, aditiva e per-
mutdvel com 08 nimeros, como ¢ sabido. Pode, além disso,
execantar-se uma infinidade de vezes sibre uma dada funcio.

111. Representaremos purd—i , & derivada duma fungio de =

a L -
em ordem a x; por—, a derivada parcial em ordem a = duma

funcdo de diversas varidveis, =, y, ...

112. Segundo as notacdes do Cileulo Simbolico, poremos:

=)
=) (3)
e ir=(d%)_'f (2)

...................

113. Chamaremos operadores diferenciais Aqueles em que
entram sinais de derivacio.

-— @ d
v AR i L

Por exemplo: e?r, e ay,etc.

114, A derivagio & uma operacio bem definida, aditiva e
permutdvel com os niimeros, mas os operadores formados com
sinais de derivagiio, podem niio gosar destas propriedades.

.11
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Por exemplo, o operador ( ;‘L} nio é bem definido, porque
 dax/
introdoz uma constante arbitrdria.

115. Teorema. — Se S (m) =2 Ay m* for wn polindmio em
m, ou uma série convergente, dar-se hi a relagdo simbélica

d ;
o mr . N mx,
S ((.!.r) e S (m) e

k
S (%) emr —=F A4, (_!i:‘) g
=2 A mk gm= :
—eMm* X 4, mk
=& (m) em=
c. d. d.

Com efeito,

146. Escolio. — Se a série § (m) for o desenvolvimento daoma

fungdo f (m), ainda se verifica a relagio

f(%_) eme = f(m) . em=,

podendo, porém, suceder que
Ly
J- (a ‘l gmz

seja susceptivel duma expressio mais geral do que a que é dada

por
f (m) gme

117. E o que sucede quando f (m) é uma fungio racional

em m e ainda em muitos outros casos.

118. Exemplo. — A relagio

LI— ;;'_'L (\:r)-_ e ] e*¥=g2¥(l —a t a®* —,,.),
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que & verdadeira e tem sentido para | z | < 1, pode escrever-se:

1

A o —— T,

o e T
a.r

Porém, fazendo

Yy =ess

y:g-flgfl-:—zrdx_

ar

1+ +ce—=

valor @éste mais geral do que o dado pelo tevrema anterior.

119. Dum modo geral, se a funcio f (z) se puder desenvol-
ver em cérie de Maclaurin, f (m) e™* serdi um dos valores

de f{ % ) emz. mas nio o mais geral. Assim como a série de

poténeias nilo representa, em geral, todos os valores da fun-
¢io f (x), tumhém o prodato f (m) e™* nio representa todos os

valores de f{ d ) gy

120. Daqui se conclui que o teorema do n.® 115, aplicado a
um operador funcional com sentido proprio, nfio tem forga demons-
trativa quanto ao operador funcional, mas tem for¢a demonstra-
tiva quanto i série de poténcias a que Gsse operador dd origem.

121. Teorema. — Se f (x) for um polindmio inteiro ou uma
série de poténcias positivas e inteiras, teremos

() emee @ =emes (Lt m) s @

e d _di , ds B il
Com efeito: pondo 5 T Tl R onde 33 significa a

operagio que consiste em derivar o produto e™* ¢ (x) conside-
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d
rando constante o 2.° factor; e -ﬁ o operddor semelhante, mas

em que se considera constante o 1.° factor ; teremos, por forga
do teorema anterior,

7(t 4+ G2 ) eneg@—ensy (m+82) 0

Mas, como —:;4 significa o operador que deriva o prodato

e"* o (x), considerando constante o 1.° factor, teremos :

F(mt 22 ) ome g @)= mef(m+ 22 )5 )

—enef () p 0
Logo. .

122. A demonstragio pode fazer-se também como no teo-
rema anterior.

Com efeito, pondo
e o\
f[._'d.z'_)zz An (dz)

r(-‘_d’_}_.)emr E :-! ( ] é"“:?(ﬁ:}]
=2 4, [em2 g ()],

Mas, pela férmula de Leibnitz, teremos:

(= 9 (M= (}) (emH)N gin-N (2)

h=o0

=2 (}) (mh emz) pn—hl ()
h=o
E‘ g d \u=h
—am :r'l?-:‘o{hj mﬁ{\ar) o (2);
ou ainda,

\m

[e"* g (z)]" ==em= k‘-‘“ 5 ‘&c—i—) ¢ (2).
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Logo:

() emes =3 4, ens(mt o) oo
—8"""[2 4, (m +—£;)’] g (@)

e. d. d.

123. Teorema. — Sejam quais forem os operadores ¢ e =, bem
definidos e aditives, assim como os seus inversos, serd sempre

fle—!mp)==p="'f(x)e,

se f (x) for susceptivel de ser desenvolvida sequndo as poténcias
inteiras (positivas ou negativas) de x.
Com efeito, se for
20
f (@) 22 Ay 2,

A= =00

bastard demonstrar o teorema para A, 2" e A_, 2—". Ora

(e~'mg)*=(p—'=p) (p~'m¢g)... (p~"mp)
=pIm.m..om.p
:'"F-Iruf'
Por oatro lado (n.° 64):
(p='=mp)~'=p~ta=!(p=!)'=mp-tatp
se g~ ! for bem definido. Logo:
(p'=mp) - "=(p~"'=—lp)r=p""5—"p.

Consequentemente :

g @
FG ' mp) = dap~"np]" = Adnp—"5w"p;

- GO —_ 0
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ou seja: : S
I we)=9“[§‘.-’ls “"]F
..
=¢ ' f(®)e

se ¢ e 7, forem aditivos.

124, Nota, — O teorema s6 tem for¢a demonstrativa no caso
dos inversos de ; e = serem bem definidos.

125. Se a fune¢fio f () for regular na origem, bastard que ¢!
seja bem definido para o teorema ter forcu demonstrativa.

126, Como
% (e?=y)=e?@o'(z).y +e? 0y

d
—evm (o) + g5 )0
segue-se que

Aplicando a esta relagio a doutrina do nimero anterior,
deduz-se o seguinte: :

127. Teorema. — Quando a func¢do f (x) se puder desenvolver
sequndo as potencias inteiras (positivas ou negativas) de x, teremos
simbolicamente :

vl () om
128. NOTA: Se f (x) for um polin6mio inteiro on uma série
de potéuncias, o teorema tem forga demonstrativa, visto que o

operador %@ bem como o seu inverso, sio bem definidos.

129. A éste teorema pode dar-se a forma

gs) et F@=ern [‘j; + ?’““)] s

pondo em evidéncia o operando F (x).
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130. Fazendo 9 (x)==ma, obtem-se o teorema do n.° 121.

d .
131. Como os operadores = e e, néio sdlo permutdveis, o

d \»
aparador(w—i——&;) nfo pode desenvolver-se pela férmula do

binémio de Newton e, consequentemente, f (za}—%) nio pode

desenvolver-se pela formula de Taylor. Vamos ver, porém, que
no caso de f (x) ser um polinémio inteiro ou nma série de potén-

: ; ' , d
cias, se verifica um desenvolvimento de [ (z—l-a), segundo

; d :
as poténcias de Py semelhante ao de Taylor e tio fdeil de obter

como éle. E o que nos mostra o seguinte

132. Teorema.— Se f (x) for um polindmio inteiro em x, ou
uma série de poténcias inteiras e positivas, temas:

' y d i et d?
f(f‘*%,)”“?””)”' @ gati, @ o
sendo

AR _!!‘_)2
F()=67 \&/ f(z). ()

Com efeito : seja
f@=2Z Aaz".
Como,

(st (o4 ) =an(o 45" (o)

segue-ge que

3

X y i . d k . d ? [
(‘Hdix__)f(?*?;r J=/{2+ =) ‘(.‘”'+%)'

b 4 % !

Suponhamos agora que existe um desenvolvimento de

f(=+ 2 )
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de forma

F \ 2

f'(\-‘” + ;;.}=Pb(m)+ Fa(ac)% -+ F:(*)(':;) & i

sendo /y(x), Fy(z), ... funcdes a determinar.
E claro que

('m+%‘)f(.z+ i\)zz(x+i\ﬂ(ﬂ(§z_>ﬁ
—E“"F"(ﬂkd ) +E Fn(r)( ry )k
-Sero () + E[F"*(*](Tx_) +Fm>(%)h+'J

on seja,

(:‘Hf %) f(_“':-l- %) = D [2Fu(x)+ Fs @)+ Fa-1 (2)] (:—z) .

Por outro lado,

f(et ) (o445 ) == B i 4 “)

=2Fﬁfx)[_j x+2mmn(ﬂ,m
A1

. dx
)
=2Fk{av}[:r(:—x ' ]+Ema:)( 3

: k+|
—Emm)(d ) +‘S‘rsn(x}( ) +2ﬂm(~—
2 Sels
—SER@+G+D P @+ P @) ()

a \* . ,
lgualando os coeficientes de (_d:.::' ) déstes dois desenvolvi-

mentos, vird:
F'y (@)= 41) F4y (@)
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Conseqilentemente,

Fi @)= Fo (@),

relagio esta que justifica o desenvolvimento suposto no enun-

ciado do teorema.
Falta agora determinar Fy (z).

133. Para tanto, facamos y=1 e teremos:

Mas,
(242 ) mev o M

Com efeito, a igualdade é verdadeira para n=1; e, suposta
verdadeira para n=1Fk, também o serd para n=»~ + 1. Naver-

dade, pondo, para abreviar, d por e teremos :

L Ldzn k41

2 2

1
= J——--_,!;‘— [:c di» gk 42 n, d*n—! J:"]
1 -

2

L. k =l 1 2 k
=re?:x +2‘| — gy diin=Nd.x
n—| -

d!
=$3T$k+d2|1 _%dz:n—n_jk
n—1 -

i

r=| o

=(x+d) e zt=(z4d)}t,

Além disso,
1

i p.d\? d \? 1 rd,
Fiiz) =2 Age? (E‘:) xh=e * (E) 2.‘1,,.1?“:3_‘-' (E flx)

o que acaba de demonstrar o teorema.
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134. Do mesmo modo se demonstra que

d iy W0
(4055 ) =F@+ ¢ P @Gt P @ ) +

sendo
Frmjmf(am+ b--‘-ﬂ 1 2)

135. O cdlealo de F(z), quando & dado r(

de fazer-se directamente por meio de (2). Dado F (:c), deter:m

, terd

na-se f (ax + b%) pelo método dos coeficientes indeterminados.

136. Se = e ¢ forem dois operadores tais que

f(m) g y=¢-fn+Ax).y (1),

sendo Ax um acréscimo constante do argumento de f (n), tere-
mos também
I (w)e* y=¢f(x+Ax).py
= f(m + 247).y;
e, dum modo geral,

S@ey=¢"f(m+nldn).y (2)

137. Note-se que, se p e ™ satisfizerem & condigdo (1), também
he e = satisfardo, qualquer que s¢ja o nimero h.
Com efeito,

F (@) (hp)y=nhf (") py=nhef (= + Ar)y
=*e)f(x+Am)y,

138. Muodando = em m—n A=, vird também,

c. d. d.

" f®Ey=[(r—nA=z)"y (3)

139. Se f(x) for ym polindmio inteiro ou uma série de potén-

cias,
f ('T} £ E "‘lﬂ 'T” ¥
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6 evidente que
: (=4 f+e)=f(=+tp).(=+p),
visto que
(m4¢) du(n +p)t=Adu(z+p)*.(x+¢).

140. Posto isto, vamos demonstrar o seguinte

Teorema, — Se f(x), © e ¢, satisfizerem as condigoes dos n.** 156
e 139, serd

Af(=) A? f(=) 1 A3 f(n)
-'.t.-.-l_F]‘_f(ﬁ\}J" F+ '_- J B I r + |:' ..'1(1:3:]_?3*’”' I:EI:I

sendo
Af(®) _fm)—f(x—Ax)
An Arm

141. O método de demonstracio é o mesmo do n.” 132, Supo-
‘nhamos, pois, que o 1.° membro de (5) & susceptivel do desenvol-
vimento seguinte : y

fr+p=fo(®+fi(®e+ fa(m*+...,

sendo [, (%), f1 (r), ete. fun¢des a determinar. Sendo, por hipo-
tese,
f(ntp) =D da(m+p",

vird

(r +¢) f(m4p) =(n +p) 2 falm)p"

=2m' + ) fa (%) p"

=2 nfa(m)e" + ._urfn (m)¢"

=E fn (5) ™ + 2 fn(x — Am)pn+!

s 3 (771‘1‘!..-1-—!(““57” "

142. Por ouatro lado, temos também

fim+p).(ntp)= ._lfﬁ{\ﬂ‘: (= +¢)
=2 fa {'JF""FLJ" (=) "+
=N fa(®) . (r—nAr)gr + X fulr 5”'"'
=D (r—nAn)fa(m) "+ 2 falm) "
= (-,-.—1i3ﬁ]fn(7=)+_f'n—l{“}|E“
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143. Como os desenvolvimentos (6) e (7) sllo ignais, teremos
que

BAR. fu(®)=Ffa—t (1) = fac 1 (x —Am).

Logo:
1 Ay ()
falm)=—. LAE‘(—T y
Consequentemente :
oy B fo(x)
fuim=2

1 A"_fg(-rﬂ.
Ia(m —E ) il

0 que demonstra uma parte do teorema. Falta caleular f, (m).
Atendendo i doutrina do n.° 137, teremos também

fr+hp)="Fo(m)+fi(@hp+ famh?p? ...,
qualquer que seja k. Fazendo tender % para zero, vem imedia-
tamente
fo(m)=F (%),
0 que acaba de demonstrar o teorema.
144. Os operadores ;=e™* ¢ 1= %. satisfazem i condi-
¢io (1), pois que (n.® 121)

(&) mr=mr (.

sendo Ar=m. Hi uma infinidade de operadores satisfazendo
a esta condigiio.

145. Teorema da reciprocidade. — Se as funcdes ¢ (t) e Y (t)
forem susceptiveis de serem desenvolvidas em série de Maclaurin,

vird :
?(55) 4@ =4 ()2 )

]
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entendendo por

(5) 4@

[?(d—‘i)LHHJ':o

e do mesmo modo se entendendo

(e

o valor de

Com efeito, pondo

g(t)=ap+ it +ast24... +apth+...
e
Y(t)=bo+by.t+ bat?+ ...+ bptk +

vird:

[(dt)"’“}] —agby+arbi+2azbst ...
[(ds)?“)_l i By ek Baicek Blyis & -«

Logo. .

146. Teorema, — Simbolicamente, a série de Maclaurin pode
escrever-se assim:

s
p(t)=e % g (0).

E, pelo teorema da reciprocidade :
d
Srﬁ?{a}ZQ (d ) glt-0

o) (1ot et )

Logo:
g(t)=9(0)+¢. ?( f)ﬂ+ r‘:—-?(---‘f‘)ﬂ’-i-

que é a chamada forma conjugada da série de Maclaurin,
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147. 86 estudaremos operadores diferenciais, eomecando
pelos que sio definidos por polindmios e passando em seguida
para os operadores definidos por séries.

CAPITULO 111

OPERADORES POLINOMIOS

148. Entre os operadores diferenciais ocupam lugar prima-
cial, os da forma

“ h Nk

S A@ )| 32:_) (:;]

onde A (x y....) é um polindémio inteiro das varidveis inde-
pendentes e o somatdrio contem um namero finito de parcelas,

149. Estes operadores sio bem definidos porque todas as
operacdes que neles entram o sllo. E também sio aditives, pela
mesma razdo. Mas em geral ndio sio permutdveis uns com os
outros, embora o sejam sempre com 08 nimeros, como & evi-

dente.
L) d = = » .
Assim, os operadores x e 45 Dio sio permutiveis, porqoe

(
*( 7z

L) f@)=2f @

2) r@= |27 @]
=f(z)+ zf' (x)-

]

ﬂ.|n_

Mas tanto om como o outro, como as suas combinacdes
d d
d“E: 5" .x sdio permutdveis com qualquer constante.

150. Mas excepcionalmente estes operadores podem ser per-
mutdveis uns com 08 0atros.
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Por exemplo: se for

p @ g1 sido permutiveis. Com efeito:

epry=rp (p1y)=¢ (y' —zy —y)
54 \
~{ ) ' sy ay

=y"—y—xy' —y' —zy' + 2yt ay
=y'—y (14+2x)+y@*+x—1).

Por sua vez,

prey=p1 ey =p (¥ —zy)
d !
=(d—&"$“1)(y[“‘x!ﬂ

=y —y—ay —ay +aly—y' 4y
=y"'—y' 1+22)+y (@ +x—1)
Logo:
PR =SPAP:

154. NOTA: Os operadores nio mordem uns nos oulros.
S6 produzem os seus efeitos ao serem aplicados ao operando
que lhes é dado. Assim, por exemplo, se multiplicarmos os
operadores g1, nio podemos substituir nas parcelas do pro-

d
o 1.
dutodx_.r por

Para efectnar estes produtos & preciso deixar as operacdes
apenas indicadas :

gl o] —ae® Tl da Y TR
@
(@ \*" ¢ d
F'Pz(\ﬂ) —dmxv—ﬂfﬁ'i—&.!—— $+.1‘
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152. Teorema. — [5 evidents que, qualquer que seja o ope-

2 2
, teremos sempre :

rador polinémio P (_ac, Yoo 550 3

/ a 2
Pz g.. 55 35;...). 0=0

Polinémios em rd-
dx

153. Os operadores polinomiais mais simples, sdo os da
forma

(d’ d fd\"
P{.E'a'.)z"ﬂ‘l‘ﬂl &E‘I‘ vt ay {;}}'

onde as aa siio constantes.
154. Estes operadores sio permutdveis entre si (n.® 46).

155. Conseqgilentemente, estes operadores podem adicionar-se
algtbricamente e multiplicar-se, ficando os resultados a que se
chega por meio destas operagbes rigorosamente demonstradas.

156. Daqui resulta, como em o n.” 47, que estes operadores
se podem decompor em factores binémios, sendo esta oma das
suas propriedades mais Gteis.

Inversiio de P (é)

157. O problema da inversio dum operador da forma

dz,
linear de ordem n, de coeficientes constantes.

Este problema é completamente resolvido pelo Cileulo
Simbolico.

Com efeito, seja dada a equagio

r [iﬁ ¢ idéntico ao da integragiio duma equagio diferencial

P(fé)yaaoymw.-h yo-Y 4+ day—X (1)
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onde X & uma funcio conhecida . Serd, por sua vez,
P@)=A, (x—ay)* (x—az)*2 ... (& —ay)*k

com 2y +az+ ... + z=mn. Teremos, pelos n.” 105 e 106,
que satisfazem i proposta os valores de y dados por

ko J
1 i - By
y:'- 7 _ -‘z E 27‘; JY;
4 £ e gl
dx dr :
ou ainda,
d
s L)
ey - i x dYt
shi {E—ﬂi}

d g d Zogds
onde ¢, [-d;i-) ¢ um polindmio em I3 de gran inferior a «;. Ou

ainda
k LR t
d d
ff:E _ﬁ—“r‘] J Pi (_d;i} &,

sendo esta soma estendida a todas as raizes. Mas, pelo teorema
do n.® 127,

‘d N\~ "d - a & d % —ax d "

Lge=a] i il X Sel iy (S

% a2 T ; x d - %,
— & './/..:}1{! % 1,{({;}.‘. di™i

Consegilentemente :

, a.r T " —a.r d > 2.
y=2 e '/f/"-' ‘-?-'(a)--l-dx i

resultado dste que vem expresso em quadraturas.
Cada raiz a; di origem i introdncdo de =z; constantes
arbitrdrias e, portanto, o valor de y a que chegamos, repre-

)
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sents o integral geral da proposta, como é sabide do Cileulo
Integral.

158. Equagdo homogénea. — No caso da equacdio linear ser
homogénea, isto ¢, se for X'= (), teremos imediatamente :

i
! =Ee"”(ﬂu +eixtea?+ ... +eq_, ;;:’:‘")

=1

onde os ce sdo as constantes de integracio. Neste caso, o inte-
gral geral da proposta forma-se imediatamente a partir das
raizes do polinbmio P (x), ou seja, da chamada equagdo carac-
teristica.
Cada raiz a de grau de multiplicidade « dd4 um integral par-
ticular da forma
eaz Py ()

onde Pa—1 & um polinémio arbitrdrio de grau «—1.

159. Equagdo completa. — No caso de ser conhecido um inte-
gral particalar da equagio completa

d i
r [\dﬁ.;}yz*“'

& sabido do Caleulo Integral que basta acrescentar ésse integral
ao integral geral da equagiio sem 2. membro, para obter o inte-
gral geral da equacio dada.

Na investigaciio ddsse integral particular da equagdo com-

pleta, ainda o Cileulo Simboélico presta servigos.

160. Calculo do integral particular. — H4 quatro casos impor-
tantes em que ¢ ficil calenlar um integral da equagio completa,
servindo-nos de teoremas do Caleulo Simbdlico ji4 demonstrados.

161. Primeiro caso. — O 2." membro da equacio é um poli-
nomio inteiro:

" d
P a:_] y=r ().
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Neste caso, resolvida a equagiio em ordem a y, vem:

y=— - 1t ().

P (3)

1 o
Desenvolvendo —— segundo as poténcias crescentes de a2
2 g Pt
(52
obtemos uma série em 7, due aplieada a0 polinémio = (x), dd
um desenvolvimento finito que satisfaz & proposta, embora nio

seja a sua solugfio mais geral.
Mas como o nosso fim é o cdleulo de um integral qualquer,
esta parte do problema fica resolvida.

NOTA: O resultado obtido satisfaz i equacdio completa,

d :
porque maltiplicando 7 ({ﬂ;] pelo desenvolvimento em série

i . :
de — obtem-se, depois de feitas as redugdes, o valor 1.
2T sl
('_d.'.c)
istas reducdes sio em nhimero infinito, em geral, mas isso
importa pouco quando os desenvolvimentos sdo finitos, ecomo
no caso presente (n." D2},

162. Segundo caso. — Se o 2.° membro da propostu for um
somatorio de exponenciais, isto &, se for

d
3 - T
2 (dm)j;___le '
vird :
y=- 1d =24 %%
\ @z,
=2 A ld‘ P e
-l [l
P ()
(pelo n.° 116)
- ¥
. ]
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163. Assim, por exemplo, a equagio

er_3y|+2y=e"z

dd
[ d\? d :
[‘E} —3 d_ﬂ; p 2J y-iﬂ"':.
e
R .. d i
=—1._,., PLE
a?—3J a2

Este valor de y satisfuz 4 proposta, como & ficil de ver; e
é bem determinado.

‘164. Escolio. — No caso de haver exponenciais que tenham
por coeficiente de », no expoente, raizes de I’ (z), a doutrina
nio & aplicdvel, porque o resultado viria infinito. Saponhamos,
para fixar ideias, que no segundo membro havia a parcela e®'*
e tinhamos entio :

P () r=(g o) n (k) ymere 4 3 000,

Resolvendo em ordem a y, vira:

92# gu-r+£_;L e, :

P () P (33)

Como, por hipdtese, I’ (ay) == 0, poremos

_1_ g0 T — 1 1 PLUIT
; d d b2 d
P () 3 o) i)
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(& SN S s
— \di al' ™ (ay)
(pelo n.* 127)

gt [ 4 \—%y

=ﬁ@gbi) s
g ‘:,.‘11

=—| — x+... gy—te ™,
T(“l)[!u_ f—.|u+A;?‘. —|—Jt =1 .25 ]

O integral particular proeurado, correspondente a dste termo,
serd pois
FLEE xr®i

7_7"(_;!) x_u.

165. Seja, por exemplo, calcular um integral particular da
equacio

y'—38 y' 4 2 y=e".

Teremos :
d \/d ;
l7z—2) (= —1) y=e;
@ ainda
d 1 1
T A e o el
i

Logo:
» d "

y=_(d_E—-1} ETI=_frl[e--IerdI=

= — g% / der=—xe*

166. Terceiro caso. — Se o 2.° membro da proposta for da
forma Ze*" = (), onde = (z) é um polinémio em », vir-nos hd,

Y S

=———x 26" 2 ()
P(2)
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:E—}—f e"" « ()

[ d
Ela)
(pelo n.® 121)

s Pl B2 5

. d
I (\x L rf.‘r‘]

1 :
Desenvolvendo ——————— segundo as poténcias erescentes
- d
2 ; a 4 — )
/ dx
de d.., obtemos um desenvolvimento em série que, aplicado a

= (x), dd om resultado finito.

167. Quarto caso. — A dste tipo de equagdes se reduzem as
da forma

[ d ; :
I’(ﬁ)rzE.n(m).casIJ—B(:c) sen x|,

onde = () e 0 (x) sio polindmios inteiros em x. Basta usar das
formulas de Euler que exprimem 0s cossenos e senos em exponen-
ciais, para ficarmos reduzidos ao caso anterior.

NOTA: Todos 6stes quatro easos considerados estio com-
preendidos no terceiro, como & evidente. A solugdo déste e, por-
tanto, a soluciio de todos, obtem-se desenvolvendo em séria. de

poténcias inteiras de ——, a fun¢do racional ——————, desen-
dax P (:l T i)
da
volvimento éste que existe sempre, @ & ficil de caleular. No
caso de I’ (x) = o, éste desenvolvimento terd poténcias negativas,
mas em namero finito. O edleulo dv desenvolvimento pode fazer-so

sempre por simples devisio.
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CAPITULO 1V

FORMAS SIMBOLICAS

168. Forma simbolica das equagdes lineares. — As equagdes
diferenciais lineares siio susceptiveis duma transformacio atilis-
sima que permite integrar muitas delas, e relacionar estas equa-
cies com a teoria das séries, facto 8ste de grande importinecia.

169. Para fazer essa transformaciio que consiste essencial-
mente na mudanga da varidvel independente x, definida pela
equagiio

[/
r=g",

sendo 0 a nova varidvel independete, vamos demonstrar a seguinte
relacdo simbdoliea :

'n n .
(&‘f)ze' Vi Dissnsisl it =s13D (1)
\ @ xr
onde
= d.
do

Com efeito, representando por X o operando a que se apli-
cam os operadores dados, teremos:

’ _n' _.\.__zd.‘\'_ n’fJ:e o d v
dx df dz di
Logo:
d — :
B AT D 2
TP A : (=)

2 o
A[}Iicundu esta relacdo a funeio ” g Vel :

d* X dId ,&,l_ d [ﬂ_r__ag_xl

det delda” | de da
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<3 Lxlik

el
] "
df X

(pelo n.® 22
=g GJrJ‘E‘

; (pelo n.° 121)
=¢  (D—1)D.X.

Logo:

O método de inducdio matematica dd imediatamente

n

d
(7z) =¢ " (D—a+1)...(D—-1)D

que é a relagio procurada.

170. Esta relacio pode ainda escrever-se (n.’ 176) assim:

(dti}:e_..uD(;;_l).,.(D—n+1) (3)

da qual se tira esta outra
an | 4 Y e D (D<), (DA 33 (4)
dax

que ¢ a que nos leva directamente & forma simbélica procarada.
171, Seja dada a equaciio linear de ordem =

i dn, - dn—1, e
(ﬂ-!-!am+ca:-+...+qx‘}d—x"‘:+(a +b .r—fu...)ﬁn—!{-}-...:‘l. (5)

Maltipliquemos ambos os membros desta equaciio por z", e vird:

dny

dxn

(at+bx...) z"

=" g‘!l’r
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NN f N om—1

Substituindo =" ( &i }* i {&%) .+, pelas suas expressdes

(D), @ = por ef, vird:

(ad-betdece?+ ... D(D—1)...(D=n+1) y+
+(a'et+b e, ) D(D=1)...(D—u42)y4...=e"t X(eb)

Ordenando o 1.° membro segundo as poténcias crescentes de
el, ohteremos nma expressio da forma

Po (D)yy+et Py (D)y+ePe(D)y+ .. —em X(e9)
ou ainda (n.® 121)
Py(D)y+ Pi(D—1)edy + Pa(D—2)e%y+ ... =e" X(ef)
ou, mais simplesmente,
Po(D)y+Pi(D)eby+ Pe(D)ey+...=T(9) (6)

sendo I’, (D), Py (D)... polinébmios inteiros em D e 7 (0)=
=eny X (ef).
I esta equacio (6) a chamada forma simbélica da proposta.

172. Estas equacdes dizem-se bindmias, trindmias, ote., se o
seu 1.° membro se reduz a dois termos, trés, etc.

173. B claro que redozindo a equagiio diferencial dada a

forma
.

: d™y, St WAL .
%o (%) x* dz‘{_—-i—m(x}:c 1_d—a-:"'_""+"':“"

a equagiio simbolica terd tantos termos no 1.” membro, quantos
os expoentes distintos de z que haja em =, (z), 7y (z). .. visto que
siio essas potdéncias de z que dio as poiénecias de e na forma

simbdliea.

174. Os polindmios em D) que afectam as varidveis y, ey,

h

. ; d
e®y,..., proveem das expressdes simbélicas z" (Er] L
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n—1
lﬁ},. .. Logo: o grau mazimo dos polindmios em D, ¢ nj e
também é n o grau do polindmio Py (D) (quando éste ndo ¢ nulo),
visto que nesse entra forgosamente um termo de grau n irredutivel,
por ser tinico em toda a equagdo.

175. Claro que se supdem ter partido duma equacio da
forma (D), isto é, cujos coeficientes siio polindmios inteiros em .

176. Se a equacio diferencial linear for de coeficientes cons-

tantes, os polinémios =, (), =y (z),. - ., coeficientes de =" (%:l-
f ya—1 .
z»= ;x ), .. maequagio dada, depois da multiplicagio por ",

serio )
T ‘fc)z‘io
T fI):.-h x
T2 (T}Z.l-_l z?
- | (.I"‘_ In xh:

e a equaciio transformada serd:

Ao D(D—=1)...(D—n+1)y+4 A[e[‘D[H—I] c(D—n+2)y+
F.ootAuey " X;
ou
Ao Po (D) y + Ay PyD)ey + Ay Ps(Dye?y+ ...+
+ A, P, (D) t’."ﬂyrt T
sendo
P,(D)=D(D—1)...(D—n+1) ’
Pi(D)=(D—1)(D—2)...(D—n+1)
Py(D)=(D—2)(D—3)...(D—n+1)

.........................

w(D)=1

177. A equacdo simbolica (6) ainda se pode dar outra forma,
dividindo ambos os membros por 7, (D), o que dd

Pi(D) r, Ps (D) o0 1 A
R Ty YA D T o pb e e Pr(D) 2
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on seja
y+ (D) t."}y-irjfg[‘”)emy +...=U (7)
onde
= 1

A funciio U calenla-se resolvendo uma equeaciio diferencial
linear de coeficientes constantes.

178. Por exemplo: A equagiio diferencial

d?y

A tety=o

di:
i TR

:L'gdmziq-.r-y:a

. .
D(D—1).y+ qte’'y—o.
Lngo:
9"_ Y. ¥

que é a forma final.

179. Para passar da forma simbdlica (7) para a equacio
diferencial correspondente (), desembaragam-se de dominadores
os operadores fancionais /2y (D), 2y (D)... e obtemos a equa-
¢iio*(6). Passam-se para a esquerda dos operadores funcionais,
as poténcias de €%, e em seguida reduzem-se os ditos operadores
funcionais & forma

Pi(D)y=A,+ A1 D+ A3 D (D —1)+...4 4, D(D—1)...(D—k+1)

sendo as constantes A,, Ay, ... determinadas pelo método dos
coeficientes indeterminados, por exemplo.
Em seguida substituem-se os termos déste desenvolvimento
pelos seus valores dados pela formula (4); e ef, por 2.
Obtem-se assim a equaciio diferencial com sua forma normal.
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180. Por exemplo: de

a

q NN
v pm—1 'Y=

tira-se
D(D—1)y+q2ety=o
o qua di:
d?
a? d;; + g*a?y=o;

on seja:

181. Escélio. — Para que uma equac¢dio simboélica, reduzida
A forma (6) do n.° 171, dé origem a uma equacdo linear de coe-
ficientes constantes, & necessdrio e suficiente que os polindmios
em [ que nela entrem tenham a forma indicada no n.° 176.

182. A ordem da equaciio diferencial correspondente a uma
equagio simbolica da forma (7) do 0n.° 177, & dada pelo maior
grau dos numeradores e denominadores das fungdes racionais
2y (D), Ry (D)... como se conclui imediatamente do processo
de passagem desta forma simboélica para a equaciio diferencial
correspondente.

Forma simbdlica binémia. — Reduzida a esta forma, a equaciio
simbdlica binémia goza de propriedades notdveis que passamos

1 expor nos teoremas seguintes :
L]

183. Teorema 1.° — .| equacdo bindmia

y+ B (D) erty=X (e9)
transforma-se em

ut+R(D+n)etu=1U
por meio das relagies

y=eMn . X==a" U,
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Com efeito, substituindo na proposta o valor de y,. vem

e"ud R(D)e!" "Mu=X
ou

e"ut e R(D4n)etu=X

ut+ R(D+u)eu=e " X=U,
c. d. d.

184. Se soubermos integrar a equacgiio (9), integrada fica a
equaciio (8).

185. FEste teorema mostra que se pode acrescentar uma cons-
tante qualquer ao simbolo ) nas equagdes binémias, mediante
uma transformagio adequada.

186. Assim, a equaciio

: q9* )
Y5 € Yy=0
IT{D+2)(D=3)" ¥

transforma-se em
por meio da relaciio
y—a=%0 .
187, Teorema 2.° — A equagdo bindmia
y+R(D)e""y=X(e") (8)

pode transformor-se em
' rb/ { rgf

y+R@D)et y=X\o7) (11)

por meio da mudanga de varidvel independente dada pela equagdo
de transformagdo :

Com efeito,
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Logo:
a\ 1N

v+ &(agg)e®y=x(e)

que ¢ a equagio (11), supondo nela D=d_lf:';, como deve ser,

visto ser 6' a nova varidvel independente.

188. Escolio — A combinag¢do déstes dois teoremas permite-
-nos substitoir 2 (1)) por /2 (a D + =), quaisquer que rejum a e n.

189. Teorema 3." — A equagdio bindmia

y+ (D) ert y=X (e¥) .. (8)
transforma-se em

1 au ainie wEppRbN I, E
&+_‘}P'E:—L‘.—J'8 L] u——j;;"::ﬁ) ", LE ﬂ} {1-’

por meio das equagdes de transformagio
0=—0' e y=eVu

Com efeito, a mudanca de & em ¢' dd, pelv teorema ante-
rior (a=—1)

y+R(—D)e " y=X (e V).
Substituindo agora y Ipnr u vem:
eV ut R(—Dyu=X (e V)

Dividindo ambos os membros desta equagio por R (— D),
vem a equacio (12).

190. Teorema 4.° — A equagdo bindmia
y+R(D) e"y=2X, (8
pode transformar-se em

w+ QD) y="U (13)
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por meio das relacoes

R (D)

ru'{'DJu X=II R (D) U

_y:ﬂ = T'Q(;D-) Sy

onde se lem

R(D) R(D) R(D—r) R(D—2r)

"’Q?u;_ Q) Q=" D=3 ¢

194. A demonstracio diste teorema de Cileulo Simbo-
lico, faz-se do seguinte modo. Suponhamos que substitoimos
y=1y (D) u, onde y (D) é uma funglio a determinar. Teremos,

7(D)u+ R(D)e" g (Dju=X;

ou ainda,
y(D)ut-R(D)yg(D—r)e" u=X;

ou ainda,

R(D)y (D=9 st Sk . »

¥ (D) (D ~
Pazendo
R (D) z(D—r)
) % (D)
VIril :
(D)

2 (D)= py £ @—).

Esta relagfio determinada y (I)) por meio de recorréncia, com
a forma de prodato infinito:

R(DY R(D—r) R(D—2v7r)

3 ;{E.DJ='Q @) Qr=r Qih—=2% .
ou seja:
. (D)
v (D f‘—-nr
XP)="r g(D)

o, consequentemente, fica demonstrado o teorema.

192. Claro que a fun¢do Q (D) pode ser qualquer, mas para

que a transformaclio tenha sentido, & preciso que II, R(D)

QD) ”
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tenha, o que sucederd quando dste produto se tornar finito, por
aparecerem nos dois termos factores distintos s6 em nimero
determinado.

193. I ficil de ver que é finito um produto da forma

ry(DFxir) xDFin) s DFir—r """ (D)
1
T (D Fin) . g (DFtir—r)... 2 (DF1)

x(D) (D) y(D=r) L(B—ir).

onde ¢ & um nimero inteiro.
194. Do mesmo modo

ALY ¥ (D)1 (D) r(D—ir)

(D—ir)” y(D—ir) y(D—ir—r)" "y (D=2in""’
=x(D) - x(D—7):.-x(D—ir+r)

195. Se for R (D)=1y(D).x1(D), na equacio do n.” 190,
ponhamos
Q(D)y=y (Dt ir). 1 (D)
e vird

que ¢é um produto finito (0. 193 e 194).

196. Com esta transformagio, muda-se o operador & (I}) =
=¥ (D) 1 (D), no vperador Q(D)=yx (D + ir) 1 (D) que pode
ser mais conveniente. .

( Continua ).

Dovror Pacneco pE Amonim.
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